One-Asset Options with Transaction Cost 

(March, 2001)

Summary

This document describes a model proposed by Hoggard, Whalley & Wilmott (1992) (details can also be found in Chapter 21 of Derivatives, P. Wilmott ) for calculating options prices when transaction costs are  considered. This model is implemented in Reditus, and  details on how to use the model are provided, and examples are also given.

The Model

For a single asset 
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 following a log-normal Brownian process: 
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here, 
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is the drift rate in time, 
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is the volatility. Z is a Wiener random process,  D is the rate of dividend for the asset. 

 A contingent claim on the asset S will have a value V(S,t) that satisfies the standard Black-Scholes equation:
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(1)

Here r is the risk free interest rate. By solving this equation with proper boundary conditions, we can obtain the fair price V(S,t) of the contingent claim.  However, the above Black-Scholes equation is derived by assuming that there is no transaction cost for continuously hedging to replicate the contingent claim. In reality, transaction cost exists, the bid/ask spread is an obvious example. The magnitude of transaction cost is different for different instruments. Because of the transaction cost, continuous hedging is not possible. For different hedging period, and if it is a long or short position, the same option can have different prices. 

We follow the Hoggard, Whalley & Wilmott model of 1992 to consider the impact of the transaction cost on the option price. In this model, the price of a contingent claim satisfies a modified nonlinear Black-Scholes equation:
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Comparing this equation (2) with (1), we can see there is an extra term that reflects the contribution from the transaction cost to the hedging of the contingent claim. This term is proportional to the absolute value of gamma. 

In the current Reditus set-up, we solve this nonlinear parabolic partial-differential equation by an iterative procedure. The criterion for convergence is that the change in spot option prices is within a preset limit.

Reditus Implementation

In Reditus, the following parameters are needed to run the model:

LongShort 

LongShort is a parameter for setting long or short position.

Longshort = 1  is for position held long,

Longshort = -1 is for position held short,

 
Longshort = 0, no transaction cost is considered.

CostRate = (
CostRate is the coefficient ( of equation (2), it is simply a parameter indicating the transaction cost ratio. A higher value for CostRate means a higher transaction cost. Through numerical experiment, we find that a realistic value for CostRate is around 0.00001, the bid/ask spread for such a value of CostRate is generally within 5% of each side of the fair price for an option of one-year tenor and three days as hedging period.

HedgeDays = (t (days)

HedgeDays is the parameter (in unit of days) indicating the time in days between the regular re-balance of hedging portfolios. 

By default,  only standard call and put pay-offs are specified in the script file, however, users can freely change the payoff functions or set up their own specific options payoff functions, e.g. a digital payoff. To change the payoff function, users only need to push the System button on the front page of the Reditus Excel interface. Once inside the System page, users can change the Call Payoff Function or the Put Payoff Function cell to set up their own payoff functions. X1 is the first X coordinate in Reditus, and it corresponds to the asset S. When users use S as a variable in their payoff functions, X1 should be used instead of S. 

For example, a simple call payoff would be: U1= { cut (X1 – strike) }
Here, U1 indicates the unknown option price value, X1 is the asset price S, strike is the strike value specified at the front page of the Excel. The function cut is a special Reditus function for retaining positive values while setting negative values to zero.

Another example is a digital call payoff function, the cell should be filled with: U1 = { (X1 > strike) }
This function sets any value in X1 (S) equal or larger than strike to be one while anything smaller than strike will be zero.

If users would like to change the default payoff function,  users should open the parameter file transactionCost.prm located in the problems subdirectory, and change the payoff functions in this file by following the same convention as for functions in the System page.

Input Market Data in Reditus
Reditus accepts all the parameters required to run this model as constant or in term structure format. The following parameter names in Reditus correspond to those parameters described at the beginning of this document for the single asset multi-barrier option model with transaction cost:
RiskFree = r
Volatility = (
Dividend =  D
If users do not click  Term Structure button, all the parameters for this multi barrier model will be constant in time, they will appear in the Parameters panel on the Excel front-end. Users can simply specify a value for each of the parameters used as constant as shown here:
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If users push the Term Structure button on the Excel interface, the users should go to the MarketData sheet of this Excel front-end to supply all parameters in term-structure format as shown here: 
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Examples: Up-and-Out partial barrier  

Type A Options:  

Interest rate r  = 0.1

Volatility        = 0.1

Tenure            = 1 year

T1                   = 0.5 year  (the upper barrier starts from deal date, and extended until T1) 

H

=130.0

Spot 

=100

Strike

=100
Call Option:

HedgeDays = 3, CostRate = 0.0001

Position
Long
(LongShort = 1)
Fair price (LongShort = 0)
Short

(LongShort = -1)

Close-form solution

10.2388


Reditus price
10.197
10.2428
10.2898

Delta
0.820629
0.82086
0.820679

Gamma
0.00728447
0.00909636
0.0104029

Theta
-7.5215
-7.60821
-7.69303

Rho
73.6342
73.4351
73.2459

Gamma
14.7605
15.6036
16.3937

Putl Option:

HedgeDays = 3, CostRate = 0.0001

Position
Long
(LongShort = 1)
Fair price (LongShort = 0)
Short

(LongShort = -1)

Close-form solution

0.7919


Reditus price
0.753538
0.792009
0.830586

Delta
-0.143517
-0.147247
-0.150864

Gamma
0.0227406
0.0227517
0.0227508

Theta
0.416073
0.418061
0.419284

Rho
-14.9908
-15.4099
-15.7918

Gamma
22.5335
22.9104
23.2596

The set-up in Reditus is the following:

Number of mesh points 


= 
1500

Type of mesh:




quadratic elements

Concentration along upper barrier level :    
weighting 0.01, Attenuation:  0.01

End-point concentration for upper barriers:
Yes for call, No for put
Type B Options:  
Interest rate r  = 0.1

Volatility        = 0.1

Tenure            = 1 year

T1                   = 0.5 year    (start of the upper barrier, and extended until maturity)

H

=130.0

Spot 

=100

Strike

=100

Call Option:
HedgeDays = 3, CostRate = 0.0001

Position
Long
(LongShort = 1)
Fair price (LongShort = 0)
short

(LongShort = -1)

Close-form solution

8.1670


Reditus price
8.04192
8.1742
8.30445

Delta
0.366969
0.409356
0.421464

Gamma
-0.0473445
-0.0441569
-0.0435033

Theta
0.137851
-1.07685
-1.2948

Rho
31.7339
35.3219
36.31

Gamma
-55.3436
-52.4746
-51.7257

Putl Option:
HedgeDays = 3, CostRate = 0.0001

Position
long
(LongShort = 1)
Fair price (LongShort = 0)
short

(LongShort = -1)

Close-form solution

0.7919


Reditus price
0.753894
0.792555
0.831158

Delta
-0.14328
-0.14699
-0.150594

Gamma
0.022788
0.0228302
0.0228259

Theta
0.421288
0.421514
0.422944

Rho
-14.9874
-15.3972
-15.7782

Gamma
22.484
22.866
23.2325

The set-up in Reditus is the following:

Number of mesh points 




= 1500

Type of mesh:






quadratic elements

Concentration along upper barrier:  



weighting 0.01, Attenuation: 0.01

Concentration at end-point of upper barrier:


Yes for call, No for put

Benefits of Using Reditus
The one-asset option model with transaction cost considered can be modified easily to incorporate users-defined specific features. For example, users can model the transaction cost in a different way, and come up with a modified equation that is different from equation (2). Any new parameters that are needed by the model are dynamically linked to the Excel front-end interface. The term structure input for (,  r, and D  can also be extended to input additional parameters that are needed for computing new exotic options models. 
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