Two-Factor Convertible Bond Model  

(March, 2001)

The Model

There is one asset S which follows log-normal Brownian processes: 
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while interest rate r follows the stochastic process of:
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here, 
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 is the drift rate in time for the asset S, 
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is the volatility of the asset. 
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is the drift rate of the interest rate, while the volatility for the interest rate is
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are two independent Wiener random processes which have a correlation coefficient of  (. 

As to the forms of 
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, it depends on what interest rate model we use. Many interest rate models are formulated with analytic tractability in mind. However, in the current Reditus, there is no restriction on the form of 
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. We can take any 
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 that are expressed in a functional form or numerical piece-wise constant/linear form. In the following example, we will use a model similar to the Brennan & Schwartz model for the short-term interest rate r:
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(3)
here, a1, b1, (, (, w  can all be time dependent, and therefore can be input in term-structure form in current Reditus finite-element engine.

Convertible Bond:
[image: image28.wmf]
The value of a convertible bond is dependent on the values of both the asset S and the interest rate r. The value is therefore a function of S, r and time t. As there are two independent random processes and we only have one traded asset S to hedge away a random component, a market risk value ( appears in the partial-differential equation (PDE) governing the convertible bond price V(S, r ,t): 
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This equation is derived without any assumption about the model that will be adopted for the interest rate r. The value of the convertible bond V(S, r ,t) is also constrained by the conversion value:

V(S, r ,t) (  n S

here n is the number of shares the bond can be converted to before maturity.

We will solve the PDE in two-dimensional space (0-XY ) where r corresponds to X coordinate, and S corresponds to the Y coordinate. By using time-stepping approach, we start from the pay-off function as initial condition, and march towards the value date to obtain the option value profile. While in the process of time-stepping, certain boundary conditions need to be specified. For simple knock-out barriers, the option value should be set to zero. For boundaries at infinity or zero of the asset, or when interest rate  r=0, r = large, we choose to impose no boundary conditions: i.e. let the option value find its own level.

In the current Reditus set-up, only one upper barrier and/or one lower barrier are allowed for either one or both assets  S and r. The barrier or barriers can be switched on or off during the tenor of the bond. However, the barrier levels are fixed and cannot be changed during the entire tenor.  

Currently in the script file CB2Factor.prb, the payoff function for the call is a uniform $1  just as for a normal bond at maturity, the put option also has a payoff of $1. The call and put feature for convertible bond is different from usual equity options where a call and a put are reflected by the payoff functions. For convertible bonds, a call feature with a strike means that the issuer of the bond can purchase back the bond by paying a specific price of strike. While for a bond with put feature, the holder of the bond can return the bond to the issuer for an amount of strike. 

As a result, for a convertible bond with call feature, the bond value satisfies: 

V(S, r ,t) (  strike

while for a convertible bond with  put feature, its value satisfies:

V(S, r ,t) (  strike

Even though the payoff function for both the call and put is a uniform $1, users can freely specify a particular payoff. In Reditus, users can easily change the call and put payoff functions by modifying their default payoff in the script file CB2Factor.prb. Users can also change the payoff functions by going to the System page to change the payoff cells directly.

Input Market Data in Reditus
Three time-step scheme or Crank-Nicholson scheme is implemented in the current model. If we use the model expressed in equation (3) for the short-term interest rate r, the governing equation for the bond will take the form of:
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Reditus accepts all the parameters required to run this model as constant or in term structure format. The following parameter names in Reditus correspond to those parameters described at the beginning of this document for the convertible bond multi-barrier model:
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Volatility1 
= w
Volatility2 
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Correlation 
= (
NumShare 
= n

strike

   is the payment amount for a call feature or a put feature

here, the parameter DriftC1 is not used in the current model, but it is set up in Reditus to help users who might like to add another parameter for modelling the interest rate.

If users do not click  Term Structure button, all the parameters for this model of convertible bond with barriers will be constant in time (i.e. there will be no term structure for the market data), they will appear in the Parameters panel on bottom left corner of the Excel main page. Users can simply specify a value for each of the parameters as constant shown here:
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If users push the Term Structure button on the Excel interface, the users should go to the MarketData sheet of this Excel front-end to supply the parameters in term-structure format as shown by the MarketData sheet here: 
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Benefits of Using Reditus
The convertible bond model can be modified easily to incorporate user-defined specific features. The term structure input for (,
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 can also be changed to suit different market data input-convention. Additional market parameters needed to construct new interest-rate models are directly linked into the Excel interface which dynamically pass the data into the Reditus finite-element engine. 
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