Caplet/Floorlet with Black & Karasinski Model

(April, 2001)

The Model

All popular one-factor models for short-term interest rate r follow a generic stochastic differential equation: 
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here, Z is a normal Brownian random number. As to the forms of 
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, it depends on which particular interest rate model is chosen. Many interest rate models are formulated with analytic tractability in mind. However, in the Finite-element engine of Reditus, there is no restriction on the form of  
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. We can take any 
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 that are expressed in a functional form or numerical piece-wise constant/linear form. 

The values of any securities that are sensitive to the change of the interest rate r satisfies the partial-differential equation [1]:
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where a market risk parameter ( appears in the equation, V(r, t, T)  represents the value of the security with an expiry date T,  t is the current time. 

In Black & Karasinski model,  the short term interest rate r follows the process: 
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where, ((t) is the time dependent mean reversion rate of  r, ((t) is the mean reversion value, while the volatility of the short-term interest rate is ((t). For this model,  the value of any security dependent on the rate r will satisfy: 
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(1)
At expiry date T, the form of the final pay-off value V(r,T,T) indicates the type of security we are dealing with. For example, if V(r,T,T) = 1, the security is a zero-coupon bond. If the pay-off value is:
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or
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such securities are classed as  caplets or  floorlets (K is the strike rate). Here, Di is the number of days in the forward rate period, Basis is the number of days in a year.

In this document, we will present the implementation of Black-Karasinski model for pricing caplet/floorlet, in addition,  knock-outs or rebate barriers are also allowed in the implementation.  

Reditus Implementation: 
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The partial-differential equation (PDE) Eq.1 that governs the value V(
[image: image13.wmf]S

, r ,t) of caplets/floorlets is solved in a two-dimensional domain O-XY.  The X-coordinate corresponds to interest rate r, the Y-coordinate corresponds to time t. 

By using the Y-coordinate as time, we will have a much better view of the price movement both at different interest rates and at different time during the tenor of the security contract. In addition, we can easily increase price accuracy when barriers are encountered by concentrating more mesh points close to areas of sharp price differentials. 

The pay-off values are represented as boundary conditions at the expiry date (which is the top-end of Y-coordinate).  For simple knock-out barriers, the security value should be fixed to be zero, while rebate barriers are simply assigned with the value of the rebate.  As for interest rate at r=0, r = large, we choose to impose no boundary conditions: i.e. let the bond or caplets/floorlets value find its own level.

In the current set-up of Reditus, the default pay-off values are standard caplet and floorlet, which are stated in the BlackKarasinskiModel.prm file. However, any pay-off functions can be specified, either by changing the default function in the parameter file: BlackKarasinskiModel.prm, or by interactively changing the pay-off function cell in the System Page of the Reditus Excell interface (can be found as the last figure in this document). 

In this implementation, in addition to the parameters for the Black-Karasinski model, a new parameter DiPeriod is used to represent the number of days of the forward period (i.e. Di).  The face value or the notional value for the caplet/floorlet needs to be specified too.

Di (Number of Days in Forward Period):



DiPeriod

FaceValue (Notional Amount):




Face Value

Input Market Data in Reditus
Reditus accepts all the parameters required to run the Black-Karasinski model as constant or in term structure form. The following parameter names in Reditus correspond to those parameters described at the beginning of this document for the caplet/floorlet multi-barrier model:

theta = 
((t)
sigma = 
((t)
kappa = 
((t)

lambda = 
((t)

If users do not click  Term Structure button, all the parameters for this model with barriers will be constant in time (i.e. there will be no term structure for the market data), they will appear in the Parameters panel on the Excel front-end. Users can simply specify a value for each of the parameters used as constant in time, as shown here:
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If users push the Term Structure button on the Excel interface, values in term-structure form for these parameters need to be supplied in the MarketData sheet of this Excel front-end (as shown here in the following screen-shot):
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here, tforward() is the array for storing the dates at which the parameters (, (, (, and ( are specified with their values in the term-structure form. Users can manually type in all the data, or the field can be linked to a data-feed outlet dynamically.

Additional Benefits of Using Reditus

The Black-Karasinski model  can be modified easily to incorporate user-defined specific features. The term structure input for (, (, (, and ( can also be changed to suit different market data input-convention or directly as data-feed. If additional market parameters are needed to construct a modified or a new interest-rate model,  Reditus is designed to provide users with the flexibility and freedom to dynamically set up new parameters and algorithms for computing additional risk data.  The interface of Reditus will automatically adjust to the new parameters and algorithms so that the front-end interface appears to be specifically designed for this newly developed instrument. 

In addition, by using the graphical display of the price within the 0-XY domain, we can easily see how price changes along the interest rate r axis (X-coordinate), and also in the time direction (Y-coordinate). 

For example, the following mesh points represent a domain with a upper barrier (at r=0.06) starting from the deal date (26/4/2001) and extending to slightly less than the mid tenor point (22/6/2001), and the expiry date is set for 26/9/2001.      In this figure, the top side is where the expiry date is (you can easily detect the strike point where mesh points are concentrated), while the bottom smaller section is the deal date or value date section where you might see some concentrated points clustered around the spot. Since from 23/6/2001 to expiry date, no upper barrier exists, the mesh points extend to the infinity which is set at r=0.25 in this calculation.  We can freely choose any cut-off value to represent infinity, as long as the price is not sensitive to the chosen value. Generally, we use 2.5 times the spot rate as a rule of thumb (to change the infinity condition, you should go to the parameter file BlackKarasinskiModel.prm).

[image: image16.jpg]P AVAVAVAVAVAVAVAVAVAVAVAV AVAVAYY
RREEEEREESEES
DAL
B AV VA VAVAVAVAYAVAVAAY
BPERA AT

SPAVATATATTarls LT

1

\/

1\
0

4
faras
g
%
1]
It
!
ol
vy

A
g
o
Yavy
4
kK
&
s
<
K]

AAMAAN
v
AV,
B
Vo
X,
P
SR
RO
%}
£
Ik
s
£
1

B
£
P
o
5
R
X
K
o
4
)
o
<3
N
%
ot

Yays
Faws
£l
K
)
o
P

v
o

P
0D

o

Ve

Sy
VA
R

25
:ﬁ
o

)
)
]
£
%
o
i
FXZ
i
2

)

gk
ATy
Kt oo
RO

LR
PORARARATER





The price colour contour plot is presented in the following figure, where the red colour indicates a high price while blue colour represents low price. The price/colour correspondence is shown as a colour bar on the right.
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Details of the above deal is given  in the following Reditus front-end program screen-shot:
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The following screen shot illustrates the System Page of Reditus which provides users with control over the infinity condition, number of mesh points, mesh concentrations and pay-off functions:
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