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Preface

This report is provided in line with requirement in my APA objectives. It aims to

provide some statistical challenges in the Stream of Mathematics for Mapping and

Monitoring, Division of Mathematical & Information Sciences, CSIRO. It is only in-

tended for CMIS internal use. Please do not quote or cite this report. Some materials

have been submitted for publication and much more work are under further investiga-

tion for publication. Some materials are presented here to cast the ideas to consider

(Some of them, to me, just seem to be wild flowers on the edge of the Great Wall). I

wish to acknowledge Min Zhu for providing the tables and plots and Jared O’Connell for

Figure 3. I also wish to thank Jeremy Wallace and Peter Caccetta for a few background

discussions. I will keep dreaming.
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1 Introduction

Remote sensing data are widely accessible nowadays and has been of increasing impor-

tance in mapping and monitoring of land cover.

The Mathematics for Mapping and Monitoring (MMM) stream within CSIRO Math-

ematical and Information Sciences uses statistical and computational methods to inte-

grate and analyse remotely sensed data and other spatial data to determine trends in

land condition and to predict areas at risk from degradation. The major task of the

MMM Stream is to develop and implement quantitative land-cover monitoring tech-

nologies for environmental management.

RAPG-MMM2: Development of new statistical models and methods for extracting

(from remotely sensed data) and integrating continuous biophysical parameter estimates

through time.

RAPG-MMM3: Statistical modeling and inference for multiple resolution (spectral,

spatial, temporal) satellite imagery.

In line with these two research goals, I provide a few sections based on different

statistical approaches on the statistical issues when analysing remote sensed data.

Remote sensing data are prone to contamination due to cloud and other atmospheric

effects. One of the robust approach, S-estimation has been used in calibrating images

from different dates (Furby and Campbell, 2001). However, there is a need to better

understand (i) how S-estimation works including how to select the tuning constant,

and (ii) impacts on efficiency and (iii) calculation of standard errors. Regarding (i),

Wang et al. (2006) has provided details in the context of robust estimation using the

Huber function and illustrated using the calibration data. I now provide more technical

details in the following subsections.
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There are a variety of approaches to robust inferences in statistics including M -

estimation, S-estimation, rank regression, quantile estimation and least trimmed squares.

These methods are also related to each other. For example, S-estimation is very similar

to M -estimation, and is in fact a modified version of M -estimation.

Robustness against outliers is gained at the price of efficiency loss when the resis-

tance is unnecessarily high. Therefore, efficient estimation is possible only if a dispersion

function with appropriate resistance level is chosen. Little work has been done on how

to choose such a dispersion function for a given data set. From a likelihood perspec-

tive, the ‘best’ loss function would be the negative loglikelihood function (Schrader and

Hettmansperger, 1980).

For easy presentation, we shall consider the ordinary robust regression model,

yi = XT
i β + σεi, i = 1, 2, · · · , n,

where Xi = (1, xi1, · · · , xi,p−1)
′, the covariate vector of dimension p, σ2 = var(yi)/var(εi)

is a scale parameter, and β = (β1, β2, ..., βp)
′ is the parameter vector of interest. The

errors (εi) are independent and identically distributed. The least squares approach leads

to β̂ = (
∑

i XiX
T
i )−1(

∑
i Xiyi), which is not robust against outliers although consistent

under the assumption of Eεi = 0.

2 M-estimation

The idea of M−estimation is to replace the sum of the squared residuals by the sum of

a loss function that is slowly varying,

l(β, σ, c) =
n∑

i=1

ρ{(yi −XT
i β)/σ}.

The sum of loss functions as the overall objective function is a reasonable choice here

because the observations are independent. The most widely used dispersion function is
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the Huber’s function

ρ(u) =

{
1
2
u2 (|u| ≤ c)

c|u| − 1
2
c2 (|u| > c)

.

The constant c must be pre-specified. This dispersion function can be regarded as the

negative loglikelihood of a modified standard normal distribution with its tail (when

|u| > c) being replaced by an exponential distribution. As pointed out by Huber (1981,

p. 18), ‘The constant c regulates the amount of robustness; good choices are in the

range between 1 and 2, say, c = 1.5.’. Other values are also used in the literature,

for example, c = 1.2 (Cantonni and Ronchetti, 2001), c = 1.25 (Chi, 1994; Street,

Carroll and Ruppert, 1988). The default value of c in R package (rlm function) is

1.345. However, the choice of c can have a great impact on the estimation efficiency. If

the errors are normally distributed and there is no contamination, the best choice of c

is ∞. However, if the errors follow Laplace distribution, a heavily tailed distribution,

c should be chosen to be 0 or a small positive value. Roughly speaking, the choice of c

should reflect the possible proportion of outliers in the data. It is therefore sensible to

adjust the c value accordingly based on the distribution of the data.

Another commonly used function is the so called Tukey biweight function

ρ(u) =

{
u2

2
− u4

2c2
+ u6

6c4
if|u| ≤ c,

c2

6
elsewise,

Note that unlike the Huber function, the Tukey function is not a convex function.

Therefore extra computational care may be needed to eliminate local minimums.

For a given estimate of σ̂ of the scale parameter, we minimise

n∑

i=1

ρ{(yi −XT
i β)/σ̂},

to obtain estimates of β.
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In general, if ρ has a sub-gradient ψ, we may define the M -estimator by the solution

to
n∑

i=1

Xiψ{(yi −XT
i β)/σ̂} ≈ 0.

For example, the Huber-ψ function is

ψ(u) =

{
u (|u| ≤ c)
sign(u) ∗ c (|u| > c)

A generalized version of the estimating functions is the Mallow’s type,

Uw(β) =
n∑

i=1

wiψ{(yi −XT
i β)/σ̂}, (1)

where wi are suitably chosen p-vectors to down-weight the points with large leverage

values. The usual linear models assume the errors have expectation 0 and finite vari-

ance. But the M -estimation requires Eψ(εi) = 0 and Eψ2(εi) = σ2
ψ. The fundamental

assumption, Eψ(εi) = 0, is required to ensure Fisher consistency of the estimating func-

tions (1). It is often assumed that the distribution of εi is symmetric. The Huber’s

approach is to gain robustness against outliers in y (or contaminated εi). The Mallow’s

approach will gain robustness in x by choosing appropriate wi (as a trimmed function

of Xi).

2.1 Standard errors

Suppose

∂Eψ(εi + δ)

∂δ
|δ=0 = b

and Eψ2(εi) = σ2
ψ. Under the finite variance assumption and E|ψ(εi+δ)−ψ(εi)|2 = o(1),

the estimator β̂ obtained by solving Uw(β) = 0 has the following property,

√
n(β̂ − β) ∼ N(0, τ−1σ2Vn)
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where

Vn =

(
n−1

n∑

i=1

wiX
′
i

)−1 (
n−1

n∑

i=1

wiw
′
i

) (
n−1

n∑

i=1

Xiw
′
i

)−1

,

and τ = b2/σ2
ψ is a scalar. The ψ function with a larger τ value will result in estimators

with smaller variances for all components of β and any linear combinations of them. It

is therefore sensible to treat τ as an efficiency factor (Scharder and Hettmansperger,

1980) and we may choose the ρ(·) function with the largest τ value.

For the least squares estimator (c = ∞), let var(εi) = σ2
ε , we have τ = σ−2

ε , and for

the median estimator (c = 0), τ = 4f 2(0), where f is the density of εi. In the case when

σ2
ε is ∞, such as Cauchy and t(2) distribution, the least squares method has efficiency

0 (τ = 0). For the Huber function with tuning constant c,

σ2
ψ =

∫ c

−c
ψ2(u)dF (u) + c2{1− F (c) + F (−c)}

b =
∫ c

−c
dF (u).

The following issues are of interest.

(i). How to obtain the best value for c? Because the choice of c is case by case, it

seems necessary to carry out extensive simulation studies to quantify efficiency gain/loss

in the context of mapping and monitoring.

(ii). It appears that ‘contamination’ occurs not only in y but also in x, which

requires us to study Mallow’s type estimator. Perhaps the impact of the choice of the

down weight function w also needs to be investigated.

(iii). Comparison with other robust methods. So far, we have not carried out any

studies in evaluating different robust approaches to better understand our needs in

analysing the landsat data.

(vi). Remote sensing data usually consist of millions of observations. This may

create a computational problem when the ranking inference involves the complexity
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of O(N2). For example, the covariance matrix of the ranks is of this order. Special

methods for computing large matrices can be developed, analytically or numerically.

In fact, τ value is an efficiency measure relative to the least squares method. We

suggest to choose the most appropriate ψ(·) or more specifically, the tuning constant c

by maximising τ .

2.2 Choosing the Optimal Resistance Level

Suppose (β̂, σ̂) are the current estimates of (β, σ), denote êi = (yi −XT
i β̂)/σ̂. Because

b = Pr(|εi| ≤ c), we can use the approach of kernel density estimation to obtain an

estimator for b, 1− 2/n
∑n

i=1 Φ{−(yi−XT
i β̂)/(nhσ̂)− c}, in which h is the bandwidth.

To avoid bandwidth selection, we may use the following fully nonparametric estimator

and estimate τ by

τ̂(c) =
(
∑n

i=1 I(|êi| ≤ c))2

n(
∑n

i=1 I(|êi| ≤ c)ψ2(êi) + c2I(|êi| > c))
.

where I is the indicator function. Note that τ̂(c) is not a continuous function of c.

In practice, we suggest to evaluate τ̂(c) for a finite set of values of c in the range of

0 to 3, say. Simple smoothing method such as the nearest neighbors may be applied to

τ̂(c) before selecting the optimal c.

We now consider the case when σ2 is unknown. An iteratively reweighted least-

squares method used in robust regression model is discussed by Street et al. (1988).

There are two commonly used robust estimators of σ (Street et al., 1988). The median

absolute deviation (MAD) estimator is

σ̂ = Median{|yi −XT
i β̂|}/0.6745. (2)

The Huber’s robust estimation can also be regarded as using the least informative

distribution f(u) = α−1 exp{−ρ(u)} as a ‘working likelihood’ for parameter estimation.

10



I have investigated the performance of the Huber function using different c values

for a variety of error distribution types. In particular, I suggest choosing a value for

c depending on the data (data-driven approach), i.e. to make the value of c data-

dependent. Simulation studies indicate that the efficiency can be improved as much as

40% compared to the traditional approach in which c is fixed at 1.345 (see Table 1 and

2).

2.3 Application to Image Calibration

Our dataset is generated by the satellite sensors (Landsat 5) for land monitoring and

mapping in Australia. Image calibration is an important step for detecting environ-

mental changes through time and assessment of vegetation productivity (e.g. Zhang,

Guindon, and Cihlar, 2002). There are 148 target areas (pixels) carefully selected to

represent different ground objects. The reference year is 1994 and the data were col-

lected when the atmospheric conditions are ideal (i.e., minimum haze and clouds etc.).

The analysis here is for illustrating the proposed methodology only. Detailed analysis

will be reported elsewhere in line with other project objectives. Figure 1 shows the

scatter plot of data from spectral band six for these 148 pixels (Year 2005 versus Year

1994). The estimated calibration lines by the least squares method and robust esti-

mation using the Huber function with c = 1.345 are quite different. The estimated

regression coefficients are (14.399, 0.575) with standard errors (4.583, 0.042) for the LS

approach, and (6.702, 0.673) with standard errors (3.189, 0.029) for the robust approach

with c = 1.345. Figure 2(a) shows the efficiency plot at different c values. The vertical
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Table 1: Relative efficiency of three β estimators, least squares (LS), using c = 1.5 and
data-dependent c (DD) when errors are contamination rate is λ. Panel (e) is for λ = 0.
A value larger than one indicates more efficient than using c = 1.345. c̄ is the average ĉ
values used in the DD method based on 1000 simulations, and σ̄2

c is the corresponding
variance of the ĉ values.
λ 1% 5% 10% 20% 30% 40% λ 1% 5% 10% 20% 30% 40%

β̂1 β̂2

(a). N(0, 1) with contamination N(0, 9)
LS 0.99 0.81 0.68 0.63 0.58 0.63 0.96 0.81 0.69 0.63 0.60 0.63
c = 1.5 0.99 1.00 1.00 1.02 0.97 0.96 0.99 0.99 1.00 1.02 0.97 0.96

DD 1.00 0.98 0.96 1.00 0.98 1.087 1.00 0.98 0.96 1.00 0.99 1.10
c̄ 2.05 1.47 1.16 0.85 0.66 0.53 σ̄2

c 0.33 0.22 0.19 0.14 0.10 0.08

(b). N(0, 1) with contamination χ2(4)− 4
LS 1.01 0.92 0.89 1.11 0.26 0.29 1.02 0.87 0.74 0.64 0.28 0.28
c = 1.5 0.98 0.99 1.01 1.02 0.99 1.00 0.98 0.99 1.00 1.02 1.00 0.99

DD 1.02 0.95 0.98 1.03 0.97 0.97 1.02 0.95 0.97 0.99 0.97 0.98
c̄ 2.14 1.57 1.25 0.92 1.10 0.96 σ̄2

c 0.34 0.24 0.20 0.17 0.20 0.17

(c). N(0, 1) with contamination t(2)
LS 0.98 0.58 0.52 0.40 0.27 0.22 0.98 0.71 0.56 0.36 0.09 0.13
c = 1.5 0.99 0.99 0.99 0.99 0.98 0.99 0.98 0.99 0.99 1.00 0.98 0.98

DD 1.01 1.00 0.99 0.98 1.08 1.10 1.01 1.01 0.98 0.97 0.98 1.12
c̄ 2.29 1.93 1.65 1.34 1.11 0.94 σ̄2

c 0.36 0.29 0.25 0.22 0.20 0.19

(d). Two-point contamination
LS 0.90 0.58 0.42 0.43 0.56 1.01 0.91 0.56 0.43 0.43 0.57 1.02
c = 1.5 1.02 0.99 0.97 0.93 0.88 0.83 1.01 0.99 0.97 0.93 0.88 0.83

DD 1.02 0.97 1.00 1.14 1.49 2.63 1.02 0.97 1.00 1.13 1.45 2.63
c̄ 1.73 1.15 0.81 0.50 0.34 0.24 σ̄2

c 0.23 0.16 0.12 0.07 0.04 0.02

(e). N(0, 1), λ = 0, no contamination

β̂1 β̂2

LS 1.03 1.03
c = 1.5 0.99 0.99

DD 1.01 1.01
c̄ 2.40 σ̄2

c 0.37
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Table 2: Relative efficiency of three β estimators, least squares (LS), using c = 1.5 and
data-dependent c (DD) when errors have a heavily tailed distribution. A value larger
than one indicates more efficient than using c = 1.345. c̄ is the average ĉ values used
in the DD method based on 1000 simulations, and σ̄2

c is the corresponding variance of
the ĉ values.

β̂1 β̂2

(a). t distribution f(u) ∝ (1 + u2/ν)−(ν+1)/2

ν = 1.5 ν = 2 ν = 2.5 ν = 1.5 ν = 2 ν = 2.5
LS 0.02 0.06 0.42 LS 0.02 0.03 0.40

c = 1.5 1.05 1.04 1.03 c = 1.5 1.05 1.04 1.03

DD 1.27 1.16 1.04 DD 1.25 1.14 1.04
c̄ 0.34 0.44 0.55 σ̄2

c 0.04 0.07 0.09

(b). Laplace distribution, f(u) ∝ exp(−|u|/d)
d = 1 d = 2 d = 5 d = 1 d = 2 d = 5

LS 0.77 0.73 0.72 LS 0.75 0.75 0.73

c = 1.5 1.03 1.04 1.03 c = 1.5 1.03 1.03 1.03

DD 1.37 1.38 1.34 DD 1.35 1.38 1.41
c̄ 0.20 0.21 0.21 σ̄2

c 0.02 0.02 0.02

(c). Cauchy distribution, f(u) ∝ {1 + (u/d)2}−1

d = 1 d = 3 d = 5 d = 1 d = 3 d = 5

LS - - - LS - - -

c = 1.5 1.07 1.08 1.07 c = 1.5 1.07 1.08 1.08

DD 1.27 1.04 1.22 DD 1.33 1.13 1.17
c̄ 0.26 0.17 0.17 σ̄2

c 0.02 0.01 0.01
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Figure 1: Scatter plot and estimated calibration lines by the least squares (LS) method
and the Huber’s M -estimation with data-dependent tuning constant ĉ = 0.7 (DD). The
middle line is based on c = 1.345.

line indicates that the DD approach gives ĉ = 0.7 as the optimal value resulting the

coefficient estimates as (3.015, 0.717) with standard errors (2.678, 0.025). The choice

of c values appear to impact the estimated coefficients as well as their standard errors.

The kernel density plot (Fig. 2(b)) shows that the error distribution is quite long-tailed,

justifying the need of a robust approach for parameter estimation.

3 S-estimation

I now introduce briefly the concept of S-estimation in the context of image calibration.

By treating digital counts from reference image as responses yi and digital counts

from raw image as covariates Xi, the ordinary robust regression model is

yi = XT
i β + σεi, i = 1, 2, ..., n,

where Xi = (1, xi)
T is the design matrix, β = (β1, β2)

T stands for gain and offset for a
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Figure 2: Left panel: Efficiency factor, τ , at different c values based on the image
calibration data from Australia. The vertical line indicates the optimal c value. Right
panel: Kernel density function of the residuals obtained from the data-driven approach
for the calibration data.

specific band, and σ is a scale parameter whose estimator is denoted by s. According to

Campbell et al. (1994), the S-estimators of the gain and offset are chosen to minimize

s subject to

1

n− p

n∑

i=1

ρ

(
yi −XT

i β̂

s

)
= b0, (3)

where b0 is a constant. There are various choices for the objective function ρ. The

calculation reported here are based on the Tukey function

ρc(x) =

{
x2

2
− x4

2c2
+ x6

6c4
if|x| ≤ c,

c2

6
elsewise,

where c is the so-called tuning constant which reflects the resistance of the estimators to

outliers. The constant b0 is often chosen as EΦ{ρc(x)}, the expectation of the objective

function with respect to a standard normal distribution. For the Tukey function, we
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have

b0 =
−c6 − c5 + c4 + 4c3 − 18c2 + 15

3c4
Φ(c) +

2c6 − 3c4 + 9c2 − 45

6c4
,

where Φ(c) denotes the cumulative distribution for standard normal.

Denote the residual ri = yi −XT
i β̂, the S-estimators for (β, σ), (β̂, s), are solutions

of the following estimating equations (p. 140, Rousseeuw & Leroy, 1987),

1

n

n∑

i=1

ψ(ri/s)X
T
i = 0, (4)

n∑

i=1

ρ(ri/s)− (n− p)b0 = 0, (5)

where ψ function is the derivative of ρ-function

ψ(x) =

{
x{1− (x

c
)2}2 if|x| ≤ c,

0 elsewise.

By denoting

wi =
ψ(ri/s)

ri/s
, (6)

we can reexpress β̂ as

β̂ =

∑n
i=1 wiX

T
i yi∑n

i=1 wiXT
i Xi

,

which is a version of the weighted least-squares estimation. Thus, for a given scale

estimate s, the S-estimators for the coefficients are equivalent to the weighted least

squares estimators with weights wi.

The steps to calculate S-estimators for calibration are:

• Get initial value of β using Ärlm function in the MASS package for R under the

objective function psi.bisquare and tuning constant c.

• Get the initial value of the scale s from the constraint (5).

• Calculate the coefficients using the weighted least squares with weight given by

(6) for a given scale.
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• Repeat step 2 and step 3 until converge.

3.1 Standard errors of estimators

Note that in equation (5) the constant b0 is pre-specified as EΦ[ρc(εi)] by assuming εi

has a standard normal. If the true underlying distribution of εi F is not the standard

normal, we would not expect s to converge to σ. For a given c, suppose the limiting

value of s as n →∞ is σ0, which can be determined from

Eρc (εi/σ0) = b0 (7)

Suppose σ2
ψ is the variance of ψ(εiσ/σ0), and λ = E{ψ′(εiσ/σ0)}, where

ψ′(x) =

{
{1− (x

c
)2}{1− 5(x

c
)2} if|x| ≤ c,

0 elsewise.

The S-estimator β̂ has the following asymptotic properties

√
n(β̂ − β) ∼ N(0, τ−1Vn), (8)

where

Vn =

(
n−1

n∑

i=1

XiX
T
i

)−1

,

and τ−1 = σ2
0σ

2
ψ/λ2 is a scalar.

Suppose we have obtained the S-estimators of β, β̂, one can obtain their standard

errors by the following steps.

1. Calculate the residuals ri = yi −Xiβ̂.

2. Obtain s from (5) as an estimate of σ0.

3. Obtain an estimate of λ as n−1 ∑
i ψ

′(ri/s).

4. Obtain σ2
ψ as n−1 ∑

i ψ
2(ri/s).

5. Obtain the variance-covariance matrix τVn.
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3.2 Effects of tuning constant c in S-estimation

Different c values give different levels of robustness against outliers. The larger the c

value is, the less robustness the estimation procedure is, but more efficient if the data

follow a normal distribution (without outliers). The least squares estimator is corre-

sponding to c = ∞. Due to the possibility of high contamination in data, Rousseeuw &

Leroy (1987, p.143) conservatively suggested estimators with a breakdown point greater

than 25% to be used in practice which corresponds to c value less than 2.937. The de-

fault c value is 1.548 corresponding to 50% breakdown point (28.7% efficiency at the

normal) in lqs function in MASS package for R. The tuning constant used by the CMIS

Mathematics for Mapping and Monitoring Group for calibration is 2.15. Also, c = 4.685

which gives 95% efficiency at the normal is a common choice in data analysis. Clearly,

the choice of c values will affect the estimation efficiency for a given data set.

Based on the standard error expression (8), we can see that an efficient estimator

should maximize the scalar value τ . It is therefore sensible to regard τ as an efficiency

factor (Scharder & Hettmansperger, 1980), and we may choose the c value which pro-

duces the largest τ value. This data-driven method selects an optimal c value gain the

necessary resistance level for parameter estimation.

To investigate the performance of this data-driven method, we carry out simulations

to compare the mean squared errors of estimators from least squares method, the S-

estimators with a fixed tuning constant c = 2.15 and our data-driven method. We search

the best c from 1.548 to 5.948 by an increment 0.1. We consider a linear relationship

with gain and offset β = (8.2, 1.05) for two sets of digital counts (sample size n = 150)
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from reference image and raw image

Yi = β1 + β2Xi, i = 1, 2, ..., 150.

In the simulations, the covariates are generated from the uniformly distribution on

(0,220).

To account the measurement errors caused by the sensor, so that we no longer

observe Xi directly but rather Xi, where

Xi = Xi + µi.

Same for variable Yi, we observe yi instead of Yi,

yi = Yi + νi.

Both µi and νi are random numbers generated from N(0, 4) and they are uncorrelated.

Three different contamination types are considered, covariates contaminated, re-

sponses contaminated and both contaminated. For first two one-sided contamination

types, we allow counts to be contaminated by either χ(30) (asymmetric contamination)

or N(0, 20) (symmetric contamination). We only consider symmetric contamination

for the two-sided contamination type which is contaminated by random numbers from

N(0, 20). Also for this type of contamination and a specific contamination rate, 30%

contaminated values are assigned to responses and the rest 70% are assigned to covari-

ates. This is due to covariates (digital counts from raw images) are more likely to be

contaminated than responses (digital counts from reference images). Different conta-

mination rates are considered, namely, λ = 5%, 10%, 20%, 30% and 40%. We obtain

estimates using c = 2.15 and ĉ – the tuning constant given by the data-driven method.

The least squares estimator is also obtained. We evaluate the relative efficiency (RE) of
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different β estimators based on their mean squared errors (MSE) using the S-estimators

with c = 2.15 as a benchmark, i.e. RE=MSE(β̂c=2.15)/MSE(β̂). The larger RE value

is, the more efficient the estimator is (relative to the estimator based on c = 2.15).

Table 4 summarizes the results for normal measurement errors with or without

contaminations based on 1000 simulations. As the contamination rate increases, the

average ĉ decreases. This is consistent to our expectation because more outliers should

be truncated as the contamination rate becomes larger. The data-driven approach

outperforms the fixed tuning constant method in most of the cases. Occasionally, it

has a trivial efficiency loss of 5% at most. In the case of one-sided contamination, the

efficiency reaches as high as 5.62 (panel (a)) when λ is 40%. Another simulations which

are not listed here show the more obvious the outliers are, the better the data-driven

method are for all contamination types. The fixed c method with c = 2.15 performs

not as well as our expectation. In asymmetric one-sided contamination cases with high

contamination (λ = 40%, panels (a) and (c)), fixed c S-estimators and the least squares

estimators both much more inefficient compared with our data-driven approach. The

least squares method performs best when there is no contamination (λ = 0), and it

becomes worse in general as λ increases. In no contamination case, the data-driven

method gives quite large ĉ indicating no resistance against outliers is necessary in these

cases and its performance is nearly as good as the least squares.

Based on the simulation results, we recommend to obtain the tuning constant from

the data instead of fixing it to maximize the estimate efficiency.
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Table 3: Relative efficiency of two β estimators, least squares (LS) and data-dependent
c (DD) when errors are contamination rate is λ. Panel (e) is for λ = 0. A value larger
than one indicates more efficient than using c = 2.15. c̄ is the average ĉ values used in
the DD method based on 1000 simulations, and σ̄2

c is the corresponding variance of the
ĉ values.
λ 5% 10% 20% 30% 40% λ 5% 10% 20% 30% 40%

β̂1 β̂2

(a). Asymmetric contamination in covariates
LS 0.91 0.55 0.25 0.17 0.25 0.29 0.12 0.05 0.12 1.04
DD 1.43 1.25 0.99 1.33 1.72 1.31 1.11 0.97 3.01 5.62
c̄ 4.15 3.23 2.37 1.86 1.89 σ̄2

c 0.45 0.21 0.08 0.04 1.26

(b). Symmetric contamination in covariates
LS 0.91 0.39 0.21 0.14 0.12 0.29 0.34 0.17 0.12 0.11
DD 1.43 1.13 1.04 1.01 0.97 1.31 1.11 1.03 1.02 0.97
c̄ 4.15 4.05 3.10 2.54 2.16 σ̄2

c 0.45 0.62 0.34 0.24 0.16

(c). Asymmetric contamination in responses
LS 0.30 0.11 0.04 0.06 0.30 0.72 0.52 0.36 0.48 1.59
DD 1.25 1.06 0.98 2.27 3.93 1.26 1.15 1.00 1.40 3.47
c̄ 4.06 3.22 2.33 1.83 1.75 σ̄2

c 0.46 0.22 0.09 0.06 0.78

(d). Symmetric contamination in responses
LS 1.21 0.88 0.63 0.54 0.49 1.22 0.87 0.62 0.57 0.49
DD 1.46 1.33 1.18 1.01 0.97 1.48 1.27 1.16 1.01 0.97
c̄ 4.88 4.07 3.18 2.65 2.28 σ̄2

c 0.72 0.67 0.35 0.27 0.22

(e). Symmetric contamination in both covariates and responses
LS 0.89 0.51 0.27 0.20 0.16 0.80 0.45 0.25 0.17 0.13
DD 1.44 1.24 1.04 1.00 0.95 1.39 1.19 1.03 0.99 0.97
c̄ 4.89 4.12 3.19 2.62 2.26 σ̄2

c 0.73 0.62 0.36 0.26 0.18

(f). λ = 0, no Contamination

β̂1 β̂2

LS 1.72 1.74
DD 1.60 1.62
c̄ 5.80 σ̄2

c 0.37
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3.3 Application to Land Monitor Project 2005

Four data sets from the Land Monitor Project 2005 are analysis in Table 3 to illustrate

our proposed standard error calculation. The tuning constant c is fixed at 2.15 — the

value used by MMM group. Details can be found in the Report by Zhu et al. (2005).
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Table 4: Four data sets from the Land Monitor Project 2005 are analysed to illustrate
our proposed standard error and R2. The tuning constant c is fixed at 2.15 — the value
used by CMIS Mathematics for Mapping and Monitoring Group.

Scene 11083
Band 1 Band 2 Band 3 Band 4 Band 5 Band 7

Least squares
β̂ 44.84 0.921 5.36 0.980 4.17 1.213 0.80 1.045 -3.25 1.156 -5.04 1.157
se 2.70 0.026 1.63 0.024 2.34 0.028 1.76 0.020 2.79 0.019 1.99 0.023
S-estimators
β̂ 36.52 1.011 1.19 1.067 -1.11 1.298 -3.91 1.137 -7.55 1.178 -4.79 1.101
se 2.71 0.026 1.16 0.017 1.44 0.017 1.09 0.012 1.97 0.013 1.54 0.018
R2 0.859 0.880 0.892 0.898 0.926 0.903

Scene 11380
Least squares
β̂ 76.08 0.991 25.18 0.971 38.97 1.139 27.57 0.906 63.10 0.878 28.50 0.972
se 5.10 0.050 4.42 0.063 7.09 0.081 5.46 0.057 9.39 0.062 5.68 0.071
S-estimators
β̂ 58.60 1.085 7.63 1.156 9.48 1.422 5.40 1.105 14.84 1.143 4.29 1.264
se 2.46 0.024 2.56 0.037 3.74 0.043 2.63 0.027 3.53 0.023 2.58 0.032
R2 0.763 0.694 0.631 0.673 0.510 0.526

Scene 11384
Least squares
β̂ 58.16 1.397 12.23 1.268 17.42 1.592 8.82 1.180 6.28 1.417 2.04 1.495
se 1.12 0.027 0.82 0.026 1.30 0.036 1.73 0.027 2.31 0.027 1.19 0.031
S-estimators
β̂ 54.75 1.465 9.52 1.313 0.88 2.329 2.13 1.258 -9.55 1.680 -4.66 1.747
se 0.54 0.013 0.34 0.011 0.61 0.017 1.61 0.025 1.11 0.013 0.73 0.019
R2 0.631 0.662 0.579 0.730 0.800 0.769

Scene 11479
Band 1 Band 2 Band 3 Band 4 Band 5 Band 7

Least squares
β̂ 42.11 0.955 13.11 0.978 14.11 1.084 13.62 0.916 15.76 0.928 5.30 1.018
se 4.29 0.034 2.37 0.032 3.27 0.032 2.34 0.023 3.11 0.018 2.02 0.021
S-estimators
β̂ 19.44 1.108 4.10 1.055 2.83 1.141 7.77 0.956 9.80 0.927 1.73 1.011
se 2.17 0.017 1.07 0.015 1.31 0.012 1.06 0.010 1.82 0.010 0.89 0.009
R2 0.742 0.781 0.815 0.843 0.870 0.874
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Table 5: S−estimation for Scene 11479

Band 1 Band 2 Band 3 Band 4 Band 5 Band 7
ĉ 1.548 1.648 1.548 1.548 2.548 1.548

β̂ 13.76 1.177 4.16 1.056 3.78 1.139 7.50 0.931 10.01 0.927 1.96 1.013
se 1.19 0.015 0.99 0.014 1.12 0.011 0.90 0.009 1.71 0.010 0.78 0.008
R2 0.680 0.757 0.763 0.776 0.894 0.812

Table 5 illustrate this data-driven method using the data from the Scene 11479.

One fundamental question is, should we use regression or inverse regression? It is

not clear which is X and which is Y variable for the regression. In the method adopted

by our group, the reference values (e.g. calibrated 1994 images) are treated as the

responses, and overpass values (e.g. 2005 raw image) are treated as the covariate for

the linear regression. This setup is mainly due to simplifying the calculation instead of

the careful inspecting different response and covariate choices.

For satellite images, the raw data values recorded by the sensors on the satellite

are not consistent over time or between scenes. Before images from different dates and

sites in different scenes are comparable, they need to be calibrated to common reference

values. This procedure is so-called image calibration. Calibration is an important step

in satellite data analysis.

For any two sets of digital counts DN1 and DN2 coming from reference image

and raw image each, a linear relationship is assumed in the image calibration, DN1
k =

αk + βkDN2
k , where α and β are the gain and offset, and k denotes the image band. In

the method adopted by our group, the reference values (e.g. calibrated 1994 images)

are treated as the responses, and overpass values (e.g. 2005 raw image) are treated

as the covariate for the linear regression. This setup is mainly due to simplifying the
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calculation instead of the careful inspecting different response and covariate choices.

In theory, responses and covariates cannot be arbitrarily destined for linear regres-

sion. Ideally, covariates in linear regression should be as less as possible contaminated.

People often ignore this in practice. It is not straight forwards to determine X and

Y for the linear regression in calibration procedure given the possibility that the two

images may be contaminated due to cloud, misregistration, etc, and measure errors in

digital counts due to sensors. But a ignored fact is that different results obtained by

different choice of X and Y .

For a real data set coming from Landmonitor 2005 Project, the 2005 raw image of

Newdegate needs to be calibrated to 1994 Newdegate calibrated image. There are at

least two setup for regression:

• Regression with reference values chosen as response,

V1994 = αk + βkV2005 + ε

Denote the estimation of gain and offset to calibrate the raw data (αk, βk) as

(α̂k, β̂k) for band k.

• ‘Inverse regression’ by assuming the true linear relationship is V2005 = α′i+β′iV1994.

By denoting the estimation of (α′k, β
′
k) as (α̂′k, β̂

′
k), after simple transition, we get

new estimation of gain and offset to calibrate the raw data for band k as (− α̂′k
β̂′

k

, 1
β̂′

k

).

It is also worth investigating how to obtain more reliable predictions based on the

measurement error models, or alternative structure models may be considered.
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4 Rank Regression

Rank estimation is known to be robust and retains high efficiency; see for example

Hettmansperger & McKean (1998, Ch.1-3). In this section we outline the estimation of

multiple regression parameters. Observations are Yi = XT
i β + εi, for i = 1, . . . , n, where

{εi} are independent and identically distributed errors, β is a regression parameter

vector, and XT
i is the ith row of a known design matrix X. The ith residual is ei =

Yi −XT
i β. The standard form of objective function for regression models whose errors

are independent and identically distributed but not necessarily symmetric is the Jaeckel

(1972) criterion

T (β) =
n∑

i=1

ei{Rank(ei)− (
n + 1

2
)} =

1

2

∑

i<j

|ei − ej|; (9)

see Hettmansperger and McKean (1998).

Much work has been done for independent cases. A challenging problem is how

to incorporate spatial correlations in this approach. The optimal linear estimating

functions require knowledge on joint error distributions. As far as I know, there is no

published work on this topic. In the context of clustered/longitudinal data analysis,

Wang and Zhu (2006) and Wang and Zhao (2006) have made some contributions in

incorporating correlations within each cluster (or block). For landsat data analysis, one

idea is to we may divide the image into N blocks so that we can roughly assume there

is negligible correlations between blocks. The approach of Wang and Zhu (2006) will be

applicable to account for correlations within each blocks in statistical inferences. Some

other approaches are worth investigating as well.
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4.1 Independence Model

One simple idea is to minimize the independent sum T (β) as a vehicle for parameter

estimation. It is easy to see the resultant ‘score’ functions are Fisher consistent, i.e.,

having 0 expectations. This naẗıve approach is to ‘bury your head in the sand’ and

to pretend there is no correlations at all for parameter estimation. It is actually a

valid approach. The only task is now to work out the asymptotic covariance for the

corresponding parameter estimates. Such covariance, of course, in general will depend

on the true underlying correlation patters. The downside is this approach can be very

inefficient when there is strong correlations.

4.2 Weighted Ranks

In general, if the errors are correlated, we can consider the following modified objective

function,

T ∗(β) =
1

2

∑

i<j

wij|ri − rj|, (10)

where wij is 1 when εi and εj are uncorrelated. For example, wij = 1− ρij, where ρij is

the correlation between the ranks of εi and εj.

The score functions for β are

U(β) =
N∑

i=1

N∑

j=1

wij(Xi −Xj)sgn(ei − ej),

It will be useful if some simple and efficient weighting wij can be constructed for

More applications will be introduced in Section (9).
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5 Quantile Regression

5.1 Introduction

Quantile regression as a robust alternative to the least squares approach has been

found useful in economics and many other areas since Koener and Bassett (1978; 1982).

However, there are still computational issues on estimation of the regression parameters

and especially calculation of the standard errors due to unsmoothness of the score

functions (Chen and Wei, 2005). Koenker and Ng (2005) provided new developments

using linear programming to gain computational efficiency in finding the estimates.

They also advocated more research on developing a inference apparatus for quantile

regression.

Suppose we are interested in the parameter vector β of dimension p which are related

to observations Y . Let U(β) = U(Y, β) be a vector of estimating functions for β derived

from some criterion such as the maximum likelihood or any other objective functions.

The parameter estimator β̂ can then be obtained by solving U(β) = 0. In general,

the estimator can be found easily by modern computational methods with the help of

high-speed computing facilities.

A few authors have considered how to computer confidence intervals. Wu & Wei

(2005) provided a good review. The major concern is computational complexity for

both the rank-score method of Koenker (1994) and resmpling methods of Parzen, Wei

& Ying (1994) and Markov Chain Marginal boostrap proposed by He & Hu (2002). In

this section, we provide a simple method to obtain the asymptotic covariance of the

regression estimators. The method is practically useful for both small and large data

sets because it does not require intensive resampling or any subjective choices.
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5.2 The Model

Assume that yi (1 ≤ i ≤ n) is the observed vector and Xi is the associated covariate

vector of dimension p. The quantile regression model assumes that

yi = XT
i β + εi,

where εi, 1 ≤ i ≤ n, are random variables satisfying Pr(εi ≤ 0) = τ . Parameter estimate

β̂ of β is obtained by minimizing the following loss function

L(β) = n−1
n∑

i=1

ρ(yi −XT
i β), (11)

where the loss function

ρ(u) =

{
(1− τ)|u| if u ≤ 0
τ |u| if u > 0

with the corresponding derivative ψ(u) = sgn(u) + τ − 1, where sign(u) takes the sign

of u (-1 or 1).

The corresponding ‘score’ function for β is

U(β) = n−1
∑

i

Xi{sgn(yi −XT
i β) + τ − 1}.

It is easy to see that the covariance function of U(β) is given by

B = τ(1− τ)n−2
n∑

i

XiX
T
i .

We assume that, as n → ∞, B converges to a positive definite matrix. However, it is

not so easy to obtain an estimator for D because it involves the common distribution

of εi.

Taking τ as 0.5, we obtain the median regression model. As we know, obtaining the

asymptotic covariance using this simple linearization relies on U(β) being smooth in β,

which is not the case here.
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If Λ is the asymptotic variance of β̂, we may express β̂ as β + Z, where Z follows

the standard multivariate normal ∼ N(0, Λ), and Λ is O(1/n). Define σ2
i = XT

i ΛXi,

ai = yi −XT
i β and bi = ai/σi.

Let β0 be the true parameter value. Usually, the distribution of U(β0) is approx-

imately zero-mean normal with a variance-covariance matrix cov{U(β0}. We have,

under certain regularity conditions, that the delta method can be applied to obtain the

asymptotic covariance of β̂ as

Λ = D−1B(D−1)T, (12)

where D = ∂E{U(Y, β0)}/∂β. If U were smooth, we could estimate D by D̂ =

∂U(Y, β̂)/∂β evaluated at β̂. However, if U is not smooth and these derivative do

not exist at certain points as in quantile regression and rank estimation, D will de-

pend on the unknown underlying density function, which makes it difficult to obtain

an estimate for the covariance matrix of β̂. Recently, Zhu, Shao and Wang (2006) has

eliminated this problem by applying the asymptotic induced smoothing. This makes

minimization much easier computationally because it strictly convex and smooth. They

have also used the food expenditure data to illustrate the estimation procedure, and in

the process of applying the technique in analyzing a hydrological dataset. It is interest

to explore this approach when analyzing the landsat data sets as an alternative robust

approach.

5.3 More Details?

This approach is applied to frequent analysis in hydrology, which is fundamental in

water resources research. Rao and Hamed (2000) and Reiss and Thomas (2001) provide

detailed methodological development and references for flood frequency analysis. More
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details on the data analysis and simulation results can be found in Zhu, Shao and Wang

(2006).

6 Least Trimmed-squares for Image Calibration

6.1 Introduction

Suppose e(i) are the ordered residuals from (the smallest to the largest). The least

trimmed squares approach is to minimize the sum of the h smallest squares (excluding

n− h residuals with larger squares),

T =
h∑

i=1

e2
[i],

where e2
(i) are the ordered residual squares. The breakdown value is 1− h/n.

Satellite images are often collected from different dates in different scenes. In order

to make these images comparable so that we can effectively monitoring changes through

time in land conditions, it is essential to calibrating all images to a common image

under standard conditions which as relatively small noises. This is also important

when mosaicing images together to remove ’edging effects’ due to the fact that different

images are taken under different atmospheric conditions including solar zenith angle and

atmospheric temperature, humidity and haze. Furby and Campbell (2001) provided a

number of approaches to the calibration of images. In calibrating images from different

dates, a training dataset consisting of invariant targets is created by the user. The

invariant targets may consist of ocean, rock outcrops and sandy beach. A simple linear

model

y = a + bx + ε,

is assumed for calibrating the images. Here a is the offset and b is the gain for calibrating

the raw images. When a number of targets including dark and bright objects are
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chosen and their digital counts y and x are obtained in the reference image and the

raw image, parameter estimates of (a, b) can be obtained from traditional regression

method (preferably by a robust approach, see Furby and Campbell, 2001).

However, identifying potential targets for many different images across the whole

continent each year ont only requires expert knowledge but also very time consuming.

Also, different experts may come up with different sets of targets and hence resulting

different calibrations. Note that such difference does not seem to diminish as the sample

size becomes larger! To avid this ad hoc approach, one may consider applying the least

trimmed-squares, possibly least heavily trimmed-squares, because we will only select

around 200 targets among millions of pixels.

There are six bands in Landsat TM data. All six bands trimmed-residuals can be

pooled together to obtain six sets of parameters based on the same set of targets. That

is, trimming is based on the the sum of six bands sum of squared residuals.

If the images are consist of a proportion of farmed area, and the reference image

is taken when the crops are young and green while the raw image are taken when the

crops are close to harvest. These areas will be mistakenly chosen as targets because

a linear transformation can make their six band counts very similar. Such calibration

will distort the crop pixels in the raw image so that they look like the young crops.

To avoid selecting such false targets, it is necessary for the selected targets to cover

a range of different targets. We suggest to obtain 10-20 strata based on Band 5 values

so that a fixed number of targets such as (10-20) are chosen within each strata.

It is also necessary to stratify the target selection across a range of band values. The

following R code illustrates how calibration parameters can be estimated by choosing

as et of targets across a range of band 5 values. Specifically, choose the same number of
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targets in each band quartiles. Note that this is only intended as an illustration. Much

more fine-tuning is necessary. The squared residuals can also be weighted in the overall

objective function to reflect different random variations in each band. The following

example uses (0,0.5,1,1,1,1) as the weighting for the six band.

6.2 Potential Targets

Ideally, remote sensed data are all calibrated based on sensor radiometric parameters

taking account of the atmospheric conditions. However, such approach is not always

practical due to the relatively high costs or lack of important ground information.

In this paper, we will focus on regression based on band values from pseudoinvariant

targets. As described by Furby and Campbell (2001), potential targets from the Western

Australian wheatbelt include:

• Dark targets (Ocean Lakes, Water in dams and reservoirs)

• Mid-range targets (Rock outcrops,Airfields, Quarries, gravel scrapes and open

mines)

• Bright targets (Roaded catchments, Beach sand and Bare ground).

In the past, the MMM group selects the targets for each scene manually, which

is quite labor-intensive. Identifying potential targets for many different images across

the whole continent each year ont only requires expert knowledge but also very time

consuming. Also, different experts may come up with different sets of targets and hence

resulting different calibrations. Note that such difference does not seem to diminish as

the sample size becomes larger! To avid this ad hoc approach, one may consider applying

the least trimmed-squares, possibly least heavily trimmed-squares, because we will only

select around 200 targets among millions of pixels. There are six bands in Landsat TM
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data. All six bands trimmed-residuals can be pooled together to obtain six sets of

parameters based on the same set of targets. It is also necessary to stratify the target

selection across a range of band values.

6.3 The Model and the Algorithm

In this section, we will present a new approach that automatically detects these pseudoin-

variant targets. Let i index the sequence of selected targets, from 1 to n, and j index

the band number, 1 to 6. Suppose xij and yij are the band j counts from target i in

the raw image and the reference image, respectively. We shall consider the ordinary

regression model (see Furby and Campbell, 2001),

yij = aj + bjxij + εij,

where βj = (aj, bj) are the offset and gain parameters for band j. The errors εij

are independent of each other. Suppose we have already identified n invariant targets.

Denote the vector (1, xij)
T as Xij, a 2 × 1 vector. The least squares estimates are not

robust against outliers although consistent under the assumption of Eεij = 0. Pros and

cons for manual selection

• Expert knowledge can be utilized

• The judgement can be subjective

• Outliers can present

• It is not obvious how to incorporate the uncertainty in human selection into

standard errors of the parameter estimates, which are required in quantifying the

calibrated maps.
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• Labour intensive and time consuming

• Not easy to pass on such technology to others

Suppose N is the total number of pixels. For a given set of values for βj, (j = 1, 2, , 6),

we can calculate the residuals for all the pixels as eij = yij − βjXij, i = 1, 2, , N .

Let di =
∑6

j=1 e2
ij to represent the goodness of fit for pixel i, and [i] are the pixel

numbers so that d[i] are in order from the smallest to the largest. In calibrating images

from different dates, a training dataset consisting of invariant targets is created by the

user. The invariant targets may consist of ocean, rock outcrops and sandy beach. We

propose to select the n pseuinvariant targets by minimizing the sum of the first smallest

n squared residuals,

L =
n∑

i=1

d[i] =
6∑

j=1

n∑

i=1

e2
[i].

where d[i] =
∑6

j=1 e2
[i]j is the residual when ordered by di. This approach is known

as the least trimmed squares approach. The breakdown value is the proportion being

trimmed, 1− n/N , which is often taken as 0.1 or 0.25 or up to 0.50 in practice (only a

small proportion such as 10% or up to 50% of the data can be trimmed. In our case,

we will trim more than 99.99% because targets are very rare. If the images consist of a

proportion of farmed area, and the reference image is taken when the crops are young

and green while the raw image are taken when the crops are close to harvest. These

areas will be mistakenly chosen as targets because a linear transformation can make

their six band counts very similar. Such calibration will distort the crop pixels in the

raw image so that they look like the young crops. To avoid selecting such false targets,

it is necessary for the selected targets to cover a range of different targets. We suggest

using 10-20 strata based on Band 5 values so that a fixed number of targets such as

(10-20) are chosen within each strata.
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The computational algorithm can be summarized as follows.

1. Choose (0, 1) as the initial values for all βj and obtain the residuals eij = yij −

βjXij.

2. Obtain di and hence sorted d[i]

3. Minimizing the sum of the first smallest n squared residuals, L, and obtain up-

dated βj estimates.

4. Repeat Step 1 to 3 and obtain the updated estimates of βj.

There is no need to reiterate.

Weighted scheme Different band responses have different noise levels. To reflect

this, we introduce a weighted version of the objective function,

Lw =
n∑

i=1

d[i],

where di =
∑6

j=1 e2
ij/σ

2
j .

where σ2
j is the noise variance for band j. The squared residuals can be weighted

in the overall objective function to reflect different random variations in each band. In

lack of such parameter estimates, we can employ the following iterative algorithm.

1. Minimize L without weighting and obtain initial residuals for each band.

2. Calculate the residuals eij and obtain the sample variance σ̂2
j .

3. Minimize Lw using wj = σ̂2
j and obtain initial residuals for each band.

4. Iterate between Step 3 and 4 until convergence.
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In general, step is not necessary as further iteration will hardly change the estimates.

When a number of targets including dark and bright objects are chosen and their digital

counts y and x are obtained in the reference image and the raw image, parameter

estimates of β can be obtained from traditional regression method (preferably by a

robust approach, see Furby and Campbell, 2001).

The following R code illustrates how calibration parameters can be estimated by

choosing a set of targets across a range of band 5 values. Specifically, choose the

same number of targets in each band quartiles. Note that this is only intended as an

illustration.

pn1=length(d05[,1])
pseq= seq(0, 1, 0.25)
sx=matrix(nrow=6,nc=length(pseq))
medy=NA*(1:6)

for (k in 1:6)
sx[k,]=quantile(d94[,k], probs = pseq)

nstrata=length(pseq)-1

autarg<- function(theta)
{

#print(theta)
td05=t(t(d05[,1:6])*theta)
dd=(d94[,1:6] - td05)
intcpt=apply(dd,FUN=mean,2)
dd= (t(t(dd)-intcpt))^2
## discount band 2 contributions
dd[,2]=dd[,2]/2

##remove band 1 residual contributions;
mse=apply(dd[,2:6],FUN=mean,1)
## stratify first by base data;

trimsse=0 tarset94=tarset05=NULL
sx[,nstrata+1]=sx[,nstrata+1]+1

## use band 5 only for strata
sx=sx[5,]
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dsx=abs(diff(sx)^1.5)/sum(abs(diff(sx)^1.5))
## total target is about 100
nsx=floor(dsx*100)+1 for (ii in 1:nstrata)

{
qi= ((d94[,5]>= sx[ii]) & (d94[,5] < sx[ii+1]))
subdata94=d94[qi,]
subdata05=d05[qi,]
smse=mse[qi]

##err=sdd*NA print(length(smse))
## band-weight may be considered in future

### excluding band 1 in selection;
torder=order(smse)[1:nsx[ii]]
tarset94= rbind(tarset94,subdata94[torder,])
tarset05= rbind(tarset05,subdata05[torder,])
trimsse=trimsse + sum(smse[torder])
}

## to save my target;
mytar <<- tarset05[,7:8]
par(mfrow=c(2,3))
for (i in 1:6)
{
plot(tarset05[,i],tarset94[,i],xlab="Over Pass",ylab="Ref 94")
title(paste("band",i))

}
trimsse

}

g0=c(1.1860728, 0.8669934, 1.0340040, 0.9714478, 0.9822812, 1.0585260)
g=optim(g0,autarg,
control=list(maxit=20, reltol=0.001))
print(g)

Application to land satellite data is now carried out. Preliminary results look very

promising.

Results will be submitted for publication.

The following two scenarios will be considered for testing.

1. We use 1994 as the reference image. We now manually change the raw images by

multiplying 0.95 (plus 5 as offset) to all band 1-3 counts and 1.05 (minus 5 as offset)
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Figure 3: Regression for the automated target selection data (2000 vs 1994) for Ben-
cubbin, WA.
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to band 4-6 counts. In theory we should obtain the same calibrated image. The corre-

sponding parameter estimates for band 1-3 are multiplied by 0.95 and for band 4-6 by

1.05. All values are then truncated to be between 0 and 255 to be realistic.

2. We now carry out a simulation study using 1994 as the reference image. The raw

image is created by first perturbing each pixel with a random noise N(0,100) (except

250 selected targets), and then applying a linear transformation to all six bands with

βj = (5, 0.95) for j=1, 2, 3, and βj = (−5, 1.05) for j=4, 5 and 6. All values are then

truncated to be between 0 and 255 to be realistic.

6.4 Generalization to Time Series Images

Suppose we have a sequence of raw images over time together with one reference image,

and we wish to calibrate all the time series image to the reference one. Let di =

∑6
j=1

∑s
t=1 e2

ijt, where eijt is the residual from pixel i band j and raw image t. Again,

let d[i] be the ordered di. Using obvious notation, we consider minimize the total

Lw =
n∑

i=1

d[i] =
n∑

i=1

6∑

j=1

s∑

t=1

e2
[i]jt

σ2
j

.

For given targets, statistical inferences can be carried out using the traditional linear

regression theory. However, the challenge here is how to incorporate the uncertainties

due to the fact that targets are estimated from the data instead of given. We

propose a resampling method for calculating the standard errors of the parameter esti-

mates. This resampled method can be regarded as a smoothed version of bootstrapping

(Wang and Zhu, 2006). Suppose wijt are independent random numbers sampled from

a normal distribution with unit mean and variance, N(1, 1). Each wijt is associated

with each pixel. We obtain a set of ‘bootstrapped’ estimates of β̂jt for j = 1, 2, , 6 and
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t = 1, 2, s, by minimising the following objective function,

L∗w =
n∑

i=1

d[i] =
n∑

i=1

6∑

j=1

s∑

t=1

w[i]jt

e2
[i]jt

σ2
j

.

We repeat this process for a number of times (B, say) by using an independent set

of wijt each time. These B copies of parameter estimates can be used for statistical

inference.

7 Model Selection

Goodness of fit is essential in statistical analysis. As we know, ‘all models are wrong’,

the question is whether our fitted model is ‘adequate’ for our purpose. Much work

has been done on procedures/algorithms for selecting significant explanatory variables.

Here I will focus on selection for the error models. For likelihood-based methods, the

-2loglikelihood can be used as a criterion for selecting nested models. When one model

is not a special case of the other, it may rely on modified criteria such as BIC, AIC or

some kind of predictive errors.

For marginal models when we only specify the mean and varinace/covariance func-

tions, likelihood-based approaches cannot be used. Consider using the landsat data

for environmental monitoring, we wish to incorporate spatial patterns in predicting the

status of each pixel. One approach is to use the neighborhood information (Kiiveri,

Caccetta and Evans 2001). The neighborhood information reflects the spatial correla-

tion. If two different correlation functions are used, how do we tell which one is more

appropriate? Criteria must be established based on rigorous scientific principles.

Here I provide two possible approaches for further investigation.
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7.1 Introduction

A methodological imperative emerging from recent developments is clarification of how

protections against infeasibility or severe inefficiency might be obtained without sacrific-

ing a parsimonious agnosticism regarding true covariance structure. Positive remedies in

the literature to date include suggestions by Crowder (1995) for always-feasible covari-

ance parameter estimators (Chaganty, 1997). Robustness properties of an asymptotic

nature were elaborated by Liang and Zeger (1995). In practice, the working correlation

matrix is often parameterized by a vector of second-order parameters, α, that are to be

estimated jointly with β. Introduction of a second set of estimating functions for co-

variance matrix parameters has been proposed by various authors, including Zeger and

Liang (1986), Lipsitz, Laird and Harrington (1991), Prentice and Zhao (1991), Liang,

Zeger and Qaqish (1992), Hall and Severini (1998) and Wang and Carey (2004).

I will first discuss estimation and model selection methods for parametric families

of covariance matrices approximating many specific models of interest in the context of

GEE, and provide a variety of substantively interesting covariance structures not readily

accommodated in standard approaches to GEE modeling. I then suggest a variety of

working criteria for model selection. These criteria can be easily adopted in selecting

models when analyzing landsat TM data even if spatial correlations are incorporated.

In §(7.4), I will introduce a general method which is also applicable even when the the

predictive function is not smooth. It will also be of interest to see how it performs when

applying to random forests.

7.2 Working Covariance Models

In the framework we are studying, there are K vector observations indexed by subscript

i; vector elements are double-subscripted. Outcome vectors Yi = (yij) are of dimension
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ni × 1, and constant covariate or design data are recorded in Xi, ni × p, which will

include a column of units if an intercept term is desired. Additional information on the

proximities of outcome elements to one another are recorded in the ni × u “distance

matrix” Ci. For longitudinal data, u = 1 and Ci is the vector of observation times,

which need not be integer-valued. For data obtained in a space of k-dimensions, u = k

and the jth row of Ci gives the coordinates of observation Yij. Finally, to accommodate

heterogeneities of clustering, a further ni× q matrix Bi of subcluster indicators may be

employed.

We let g(·) denote a link function for a generalized linear model (McCullagh and

Nelder, 1989) and cov(α; C, h) be a function specifying a covariance matrix through

a (potentially nonlinear) function h of a q-dimensional parameter α and coordinates

C. Statistical inference proceeds under the following parameterizations of the first two

moments of Yi:

E(Yi|Xi) = g−1(Xiβ) = µi(β),

and Cov(Yi|Ci, Xi) may be specified as Covi(α; Ci, h) = σ2A
1/2
i RiA

1/2
i , where Ri is a

correlation matrix. The univariate specification is E(yij) = µij and var(yij) = σ2σ2
ij.

The mean model is a familiar generalized linear model (GLM) specification, and the

covariance factor Ai = (σij) is the GLM variance function or a generalized version with

additional parameters to be more flexible (Wang and Zhao, 2006). The solution to the

GEE

∑

i

∂µT
i (β)

∂β
W−1

i (α){Yi − µi(β)} = 0,

where Wi(α) is some working model for cov(Yi|Ci, Xi), will be denoted β̂G.

The choice of Wi is often based on the variance function in GLMs and serial corre-

lation models in time series models. Covariance structures deduced from random coef-
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ficients or random effects models are also very useful as they have easy interpretations.

In the context of overdispersed Poisson model, Thall and Vail (1990) have suggested

a few interesing covariance models. Their idea is to assume Yit is Poisson with mean

γiξtµit where γi and ξt represent between-subject and temporal random effects. The in-

duced covariance Covi = diag(µi) + diag(µi){E(γ2
i )cov(ξ) + var(γi)J}diag(µi), where J

is a square matrix of 1’s. This approach is further elaborated by Jowaheer and Sutrad-

har (2002) and Henderson and Shimakura (2003). For likelihood induced covariance

models, such as Poisson-gamma, incorporation of higher moments in estimating func-

tions is possible. However, such mathematically extrapolated information should not

be deemed reliable unless higher moment assumptions can be verified.

The variance function is often adopted from the GLMs (McCullagh and Nelder,

1989). For example, we often use φµ for overdispersed Poisson data, and σ2 or φµ2

for continuous data. Misspecification of variance function may lead to efficiency loss

for the estimators of the regression parameter (Wang and Lin, 2005). As pointed out

by Crowder (2001), the framework of generalized linear models, in which the variance

is assumed to depend on the parameters only through µi , is often too restrictive.

Useful variance functions include var(yij) = φµγ, where 1 ≤ γ ≤ 2, and γ1µ + γ2µ
2, as

suggested by a few authors (Carroll and Ruppert, 1988; Thall and Vail, 1990; Morton,

1987; Carroll, 2003). The power function of µ is a generalization to the overdispersed

Poisson model (Paul and Plackett, 1978) and it is also applicable to continuous data

(see Davidian and Giltinan, 1995).

We now present a number of examples of correlation models, with motivational

discussion of data structures from several real-world examples. Let [M ]jk denote the

(j, k) element of a matrix M .
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1. Independence, q = 0: Ri = Ini
for all i.

2. Homogeneous exchangeable, q = 1: [Ri]jk = 1{j=k} + 1{j 6=k}α for all i. Such a

matrix will be denoted Ri = exch(α) in the sequel.

3. Serial models, q = 1. The first-order Markovian process for real-valued obser-

vation times Cij = tij has [Ri]jk = α|tij−tik|. The first order moving average

model can be written [Ri]jk = 1{j=k} + 1{|j−k|=1}α. We denote such matrices by

Ri = AR(1; α) and Ri = MA(1; α) respectively.

4. Heterogeneous exchangeable, q = 2. An example of this model is the cross-

sectional twin study. In this case the coordinatization data simply indicate

whether twins are identical or fraternal. We let

h(α,Ci) = α1 if Ci indicates that
twinship i is monozygotic (MZ)

= α2 if twinship i is dizygotic (DZ);
[Ri] = exch(α1) if twinship i is MZ

= exch(α2) if twinship i is DZ.

With these stipulations 2(α1 − α2) is a traditional measure of heritability in the

outcome measure.

5. Heterogeneous generalized serial correlation models, q = 4. For concreteness, we

consider the analysis of longitudinal data from a comparative trial (p.73, Diggle

et el., 2002). The data consist of growth traces for Sitka spruce trees under two

cultivation conditions. The intervention appears to affect the mean level of size

achieved over time, the typical shape of the size growth curve, and the “visit-to-

visit” variability of size. We will investigate a flexible working correlation model

with parameter vector α = (α1, α2)
t = (γ1, θ1, γ2, θ2)

t, measurement coordinates
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Ci = (ti1, . . . , tini
)t and

[Ri]kl = h(αj, tik, til) = γ
|tik−til|θj

j

for tree i in treatment group j = j(i) ∈ {1, 2}. Note that θj ≡ 0 implies Ri =

exch(γj(i)), θj ≡ 1 implies Ri = AR(1)(γj(i)), and that 0 < θj < 1 will in certain

circumstances parsimoniously approximate members of the AR(2) or AR(1) plus

random intercept covariance families (Muñoz et al. 1992). In this example, the

time-scale is exponentially deformed by the damping parameter θj. Another gen-

eralization of the first-order Markovian model involves Box-Cox transformation

of the observation time scale (Nuñez-Antòn and Woodworth, 1994).

6. Spatial variogram (Albert and McShane, 1995), q = 3. Each sub-plot is an 88-

cell scoring of a single transcranial slice of a CT scan, with X present in grid

boxes of which at least 50% of the space is occupied by lesions. The probability

of lesion occupancy (mean model) of image grid boxes for subject i, indexed by

sijk = (si1j, si2k)
t, follows a GLM depending on location sijk, covariates, and in-

teractions among these. The spatial clustering of lesion occupancies is assumed to

follow an isotropic exponential semivariogram. Let α = (a, b, c)t. The parametric

semivariogram has the form

γ(d; α) =

{
c + b{1− exp(−d/a)} if d > 0 ,
0 otherwise

(13)

where

dlm = ||sl − sm||

and l and m index cells in the plane. Finally, the elements of Ri]jk is 1−γ(djk, α).

7. Pairwise log odds ratio regression, general q. Here the working covariance model

for a cluster of binary outcomes is derived from the O(ni
C2) conditional logistic
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regressions of every outcome in a cluster on all other outcomes in that cluster using

in addition a q-dimensional design matrix. Details and a fully worked example

in functional brain mapping are provided in Carey et al., (1993); extensions to

ordinal outcomes are provided by Heagerty and Zeger, (1996).

8. Unstructured correlation or covariance, q = O(maxi n
2
i ). The meaningfulness of

this model depends upon discrete observation times. If the study satisfies this

requirement, this is often a good start in pursuit of a more parsimonious and

interpretable working model.

7.3 Selection Criteria

Testing hypotheses on the regression parameters is typically of primary importance

(Barnhart and Williamson, 1998). For example, Breslow (1990) considered two types

of test statistics (Wald and score) for evaluating the significance of added variables, i.e.,

the models to be compared are nested. We will focus on covariance model selection for

a fixed set of regression variables in the mean function.

Our intent is to determine if quasi-likelihood-based or any other goodness of fit cri-

teria can be used from a practical viewpoint. For a given estimation method, there may

be a few ways of establishing the corresponding likelihood function for inference. All

these likelihood functions can be regarded as some approximation to the true likelihood

function. It is therefore important to quantify the possible differences between these

‘approximate inferences’ when used for hypothesis testing or any other likelihood-based

evaluations.

We may consider quasi-likelihood functions from which the corresponding estimating

functions (score functions) can be derived. For example, Zhao et al (1992) have shown

that the following “partly exponential” distributions produce the score functions that
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are identical to the GEE1,

f(yi, µi, φ) = d−1
i exp{yT

i θi + ci(yi, φ)},

in which φ is unknown. Let us consider the following exponential model for multivariate

discrete and continuous outcome

f(yi, µi, α) = c−1
i exp{(yi − Φi)

TΩi(yi − µi) + ΛT
i Θi},

where Θi is a vector consisting of three- and possibly higher-way cross-products of yij,

and ci is a normalization constant. If we restrict the model up to 2-way cross-products

only, i.e., Λi = 0, it becomes the quadratic exponential model proposed by Prentice and

Zhao (1991). For any specified Λi, µi and Ωi can be determined from given marginal

mean and covariance, used in the GEE estimation. To find how estimation (parameter

estimates, likelihood ratio statistics) might be sensitive to high order assumptions or

likelihood specifications, we can plot the relevant statistics of interest for a range of

Λi values. For example, in testing two different models (not necessarily nested), if

the goodness of fit statistic for one model is uniformly better than the corresponding

values in the other model over a range of Λi values, we would be more confident in

recommending the better-fitting model. We can also carry out simulation studies to

quantify the impact when the covariance matrix or higher moments are misspecified,

and hence obtain properties of different approximate likelihood functions.

From a practical viewpoint, it is of great interest to evaluate some simple available

criteria to see if they are sufficient despite the unavailability of optimality justifications.

For example, if estimation is only based on mean and variance assumptions, we can use

the form of multivariate normal likelihood function as a quasi-likelihood for inference.

Recently, Hall and Severini (1998) established asymptotical properties for the Gaussian
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estimates. However, it is not clear how these constructed quasi-likelihood would per-

form when used for log-likelihood ratio test. If p+q are the total number of parameters

in fitting the model, we propose the following Gaussian criteria for model selection.

LG =
∑

i

{(yi − µi)
tV −1

i (yi − µi) + log(|Vi|)}+ 2(p + q).

One possible improvement is to take account of the loss of degrees of freedom due to

estimating β. This penalized Gaussian likelihood can be simply regarded as a vehi-

cle for model selection. Suppose Ṽi is the true covariance matrix, we have E(LG) =

∑
i trace(V −1

i Ṽi)+
∑

i log(|Vi|)+2(p+q). From likelihood perspective, l(y) = l(y|β̂)l(β̂).

Assuming normality for β̂ would result in an extra term of (β−β̂)T(β−β̂)+log[det{cov(β̂)]

in the -2log-likelihood function. We can therefore consider a “REML” version of LG

(conditional on β̂),

LRM = LG + log[det{∑
i

DiV
−1
i Di}],

where the last term is an approximation to − log[det{cov(β̂)}].

However, it is not clear if these simple criteria are practically adequate, and the

performance of these criteria and their derivatives has not been systematically assessed.

In section 4, we will investigate their performance numerically and analytically.

We now adopt a block matrix notation to avoid subscripts, so that, e.g., DtV −1D

denotes
∑

i Di
tV −1

i Di, with Di = ∂µi/∂βt. The sandwich covariance estimator for β̂

under working covariance model W is then similar to (12),

V̂β = (DtW−1D)−1[DtW−1cov (Y )W−1D](DTW−1D)−1 = Q−1
0 Q1Q

−1
0 .

The (working) model-based or “naive” covariance estimator is Ŵβ = Q−1
0 . In practice

Q1 is evaluated as
∑K

i=1 DT
i W−1

i eie
T
i W−1

i Di, in which ei = yi − µi.
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The working Wald test statistic

T ∗
w = (β̂G − β0)

TŴ−1
β (β̂G − β0).

Theorem 1 of Rotnitzky and Jewell (1990) gives the asymptotic distribution of the

working Wald test statistic: T ∗
w =

∑
ciχ

2
j + op(1), where χ2

j are independent χ2
1 variates

and cj are eigenvalues of Q = Q−1
0 Q1. They noted that the cj are all identically unity

whenever the working covariance and true covariance coincide, and proposed that the

two-dimensional criterion with components c̄1 =
∑

cj/p = tr Q/p, c̄2 =
∑

cj
2/p =

tr Q2/p be inspected as a measure of working correlation model structure adequacy.

As a naive formalization of this proposal, we consider the criterion

∆0 = ||(c̄1, c̄2)
T − (1, 1)T||2,

which should be small for correct structure selection and large for incorrect structure

selection. When Vi is the true underlying covariance matrix, all ci should be close to

unity. Note that if and only if all ci = 1, we have Q1 = Q0. It is therefore appropriate

to consider the following criteria for covariance model selection

(i) ∆1 =
∑

i(ci − 1)2/p = c̄2 − 2c̄1 + 1;

(ii) ∆2 =
∑

i{log(ci)}2.

7.4 Absolute Predictive error

If ŷ(β̂, x) is the predicted value at x. One measure of goodness of a model is to evaluate

the prediction error for a future response (testing datum), D = d(y, ŷ). The ‘apparent’

estimate of D is
∑

i d(yi, ŷi)/n. The square error d(y, ŷ) = (y − ŷ)2 is often used. A

robust version is to use d(y, ŷ) = |y − ŷ|.
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For cases with small sample sizes, the ‘apparent’ method usually underestimate D.

Jackknife or K-fold cross validation may be used to estimate D. This criterion may

be developed for a robust version of the random-forest approach. Such generalization

will be highly valuable for analyzing remote sensing data because of frequent presence

of outliers. Such criterion can also be investigated for model selection. For example, in

predicting perennial vegetation coverage using the Landsat data, we may use develop

a robust index for goodness of fit to select among traditional regression models (linear

regression or generalized linear regression models) and nonparametric tree-classification

such as (random forests) methods.

8 Monitoring Land Changes

8.1 Classification

Currently, remotely sensed Lansat data are used to predict perennial vegetation cover-

age. A statistical model can be fitted to the ground data (where percent of coverage

is measured). Some work has been done in incorporating woody vegetation texture to

increase the mapping accuracy (woody vs nonwoody).

Caccetta and Furby (technical Report, Monitoring Sparse Perennial Vegetation

Cover) investigated how texture information can improve classification. They demon-

strated how to use texture data (x) at pixel sizes 2.5, 5m, 10m, 20m, 40m and 80m

based on canonical analysis.

Conditional categorical regression is an alternative approach. According to their

Figure, such approach will result in perfect separation. I briefly summarize the approach

below.

Suppose p1, p2, and p3 are the probability of being woody(≥20% coverage), Sparse
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(1-20% coverage) and Bare. First, a regression model is assumed for being Woody,

logit(p1) = xTβ.

Conditional on being non-woody, we further split for Sparse and Bare,

logit{p2/(1− p1)} = xTγ.

This leads to





p1 =
exp(xTβ)

1 + exp(xTβ)

p2 =
exp(xTγ)

{1 + exp(xTβ)}{1 + exp(xTγ)}
p3 = 1

{1 + exp(xTβ)}{1 + exp(xTγ)}

(14)

This parametric approach can be compared with the ML classifier. Band information

can be added as well as part of the explanatory variables (x).

One of the fundamental approaches in land monitoring is to classify the pixels

into a few different vegetation types and identify those with changed vegetation types.

Different images are often taken at different dates. Calibration may be necessary if

direct comparison is used. Suppose data for pixel i consist of yi , the probability being

woody in the reference image, and Xi, the derived variates from remote sensed data

from the new image, where i is from 1 to N. The problem here is to establish a predictive

model for being woody based on the data.

A natural model is to consider a regression model such as a logistic model g(Xi; β)

or other threshold models for the probability being woody. The tricky part is how to

obtain estimates for β. The most commonly used approach, the least squares, is to

obtain the estimnates of β by minimising

N∑

i=1

{yi − g(Xi, β)}2
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or its robust version of the least absolute deviate (LAD)

N∑

i=1

|yi − g(Xi, β)|.

This L1 norm is known to be robust against outliers in the responses. However, in this

case, the responses are probabilities for the base image classification, which is between

0 and 1. So robust consideration in this regard is not necessary. Also, extra care may

be needed in computation when L1 norm is used because of its unsmoothness at 0.

But if computation is not any issue here, this objective function is fine. Otherwise I

suggest using L2 norm (the least squares approach). However, such procedures become

inappropriate in our case because the residuals are ‘contaminated’ by possible changes

in the new image. Ideally, if we knew which pixels have changed, we could just exclude

them in the analysis. On the other hand, if we knew which pixels were changes, we

would not need to carry out such analysis any more! Perhaps the biggest challenge

here lies in excluding the unknowns. Determination of the thresholds (parameters in

the prediction model) is based on minimising the sum of the absolute differences in the

probabilities or its squares.

I suggest the following iterative approach.

1. Let n = N/2. Obtain an estimate of β̂(0), by minimising
∑n

i=1 r2
[i], where r[i] is the

ordered residuals, {yi − g(Xi, β)}, the order is based on the r2
i values. This trimmed

approach only uses pixels with the n smallest residuals. We assume here no more than

50% pixels have changed. Otherwise, n should be made smaller.

2. Calculate the initial residuals, {yi− g(Xi, β̂
(0)} , and obtain a preliminary assess-

ment on the proportion of pixels being changed (q).

3. Repeat step 1 with n = [(0.95−q)N ]. Specifically, obtain the estimate of β, β̂, by

minimising
∑n

i=1 r2
[i]. I expect further iteration is practically unnecessary. Resampling
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methods can be developed for standard errors. More details can be developed using the

smooth bootstrap approach (Wang & Li, 2006, Call # 2057).

8.2 Some Statistics for Monitoring

There are a variety of methods in the literature on how to detect changes from a sequence

of data, (yi). An interesting nonparametric method proposed by Pettitt (1979) is to

consider

Ut = 2
t∑

i=1

Rank(yi)− t(N + 1),

and use Umax = max1≤t≤N |Ut| as the test statistic. The ranking is based on the whole

sequence for that pixel. Analytical approximations can be derived under the i.i.d.

assumption. It is unlikely that the band data from the same pixel are independent over

time. However, we can establish the distribution of Umax under the null by examining

many pixels. Changes in most pixels are due to natural variation in reflection and

weather conditions, and such changes are deemed to be random noises.

For each pixel, Umax can be calculated, and a mixture distribution can be fitted to

partition the pixels into those with significant changes and without significant changes.

Such procedure can also be used for other statistics.

Changes in each pixel is unlikely to be independent. If pixel a is changed due to

logging or bush fire, its neighborhood pixels are quite likely to have a similar change.

Therefore, instead of calculating the statistic Umax for each pixel, we can consider

incorporating the clustering effects to increase the detection power.

Such approach can also be used to identify invariant targets when the statistic Umax

is minimum.
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9 Rank Estimation For Linear Models

Adaptions of weighted rank regression to the accelerated failure time model for censored

survival data have been successful in yielding asymptotically normal estimates and flex-

ible weighting schemes to increase statistical efficiencies. However, for only one simple

weighting scheme, Gehan or Wilcoxon weights, are estimating equations guaranteed to

be monotone in parameter components, and even in this case are step functions, re-

quiring the equivalent of linear programming for computation. The lack of smoothness

makes standard error or covariance matrix estimation even more difficult. An induced

smoothing technique in Brown and Wang (2005, Biometrika 92) overcame these dif-

ficulties in various problems involving monotone but pure jump estimating equations,

including conventional rank regression. This section applies induced smoothing to the

Gehan-Wilcoxon weighted rank regression for the accelerated failure time model, for

the more difficult case of survival time data subject to censoring, where the inapplica-

bility of permutation arguments necessitates a new method of estimating null variance

of estimating functions. Smooth monotone parameter estimation and rapid, reliable

standard error or covariance matrix estimation is obtained.

9.1 Introduction

The accelerated failure time model is a formulation of linear regression for logarithms

of survival time data which may be subject to censoring. It has attracted considerable

attention in recent years as an alternative to the proportional hazards model. For

background and current references see Kalbfleisch and Prentice (2002, p 44), Cox and

Oakes (1984, pp 64-65), and Lawless (2003, p 270).

Assume that Ti (1 ≤ i ≤ n) is the failure time for subject i and that xi is the
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associated covariate vector of dimension p. Under the usual accelerated failure time

model,

yi = log(Ti) = βT
0 xi + εi,

where β0 is the true value of a p × 1 vector of regression slopes, and error terms are

{εi}. Usually, Ti is subject to censoring at Ci, a random variable independent of Ti. We

assume that, conditional on {xi} and {Ci}, the {εi} are independent and indentically

distributed. Note that the common conditional distribution of {εi} may depend on

{xi}. We will regard the covariates {xi} as realisations of a random variable, possibly

multivariate.

The observed data may be written as a triplet (T̃i, δi, xi), where T̃i = min(Ti, Ci) =

Ti ∧ Ci, and δi is an indicator function, I(Ti ≤ Ci). Write ỹi = log(T̃i). Then for

a trial β value ei = yi − βTxi is an uncensored but possibly unobservable residual,

while ẽi = log(T̃i) − βTxi is an observable but possibly censored residual. Note that

ẽi = ei ∧ CT
i , where CT

i = log(Ci)− βTxi, so that the residuals are censored whenever

the observed lifetimes are censored.

If the residual ej is censored, its rank cannot be defined. However, if ej is uncensored,

indicated event ei > ej can be confirmed if ej < ẽi regardless ei is censored or not.

Therefore, to adapt rank regression methods for uncensored data to the censored case,

we consider the following modified rank for residual ej

R(ej) =
∑

i

I(ẽi ≥ ej), (15)

which applies only to uncensored residuals ej. Note that, this ‘reversed rank’ where

the largest (smallest) residuals have the smallest (largest) rank, is introduced here for

notational convenience, as we will see.

Considering rank regression schemes for the accelerated failure time model, for esti-
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mating β using these modified ranks, there are three main issues (see Geha, 1965,; Jin,

Ying and Wei, 2001; Jin et al. 2003):

(i) asymptotic normality and efficiency of estimators;

(ii) unique estimation of β; and

(iii) estimation of standard error and covariance matrix estimation for β̂.

The most general weighted estimating equations are those proposed by Jin et al.

(2003) They have considerable flexibility, allowing the adaptive formulation of weights

to increase efficiency; in addition, the estimates are asymptotically normal. Thus it is

reasonable to conclude that item (i) has seen substantial progress. However, concerning

(ii) computation, among the simple rank-scoring schemes with weights not depending on

trial β values, only the Gehan (1965) or Wilcoxon weights lead to estimating equations

guaranteed to be monotone in all components of β. The paper by Fygenson and Ritov

(1994) shows that monotonicity can hold for other, more complex weighting schemes

with data-dependent weights. For the Gehan-Wilcoxon scheme, outlined in Section 2,

these monotone equations for β̂ are pure jump functions, and have to be solved by

linear programming techniques.

The difficulties are greater still for item (iii), standard error and covariance matrix

estimation of β̂. Because of lack of smoothness, estimation of asymptotic standard

errors may appear to require density function estimation of the integral f -squared

expression characteristic of rank methods, a further computational burden. Another

method, proposed in Jin et al. (2002) and Jin et al. (2003), employed a re-sampling

technique based on repeated perturbations of the objective function.

Recently, Brown and Wang (2005) introduced an induced smoothing method, suit-

able for rank regression and related problems where monotone estimating functions have
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jumps. Induced smoothing simplifies standard error and covariance matrix calculations

for estimates. The aim of the present section is to introduce a smooth method for rank

regression when data are subject to censoring. However, while the induced smoothing

method simplifies covariance matrix estimation, it cannot remove non-monotonicity of

estimating equations. For this reason, and also because having smooth, monotone esti-

mating equations is essential for the induced smoothing method, its application is made

only to the case of Gehan weights, which are the censored rank regression analogues of

Wilcoxon and Mann-Whitney procedures.

It is straightforward to formulate most elements of induced smoothing for the Gehan-

Wilcoxon weighted scheme in the accelerated failure time rank regression model. How-

ever, one component, the null variance of the test statistic, in not so easy to obtain

as for uncensored data, because the presence of censoring prevents use of permutation

arguments. An alternative method for estimating the null variance is proposed. The

resulting formulation yields smooth monotone estimating equations, and rapid iterative

convergence of covariance matrix estimation, essentially ‘one-step’ convergence in large

samples.

Section 2 summarises the Gehan-Wilcoxon rank regression scheme; Section 3 out-

lines the induced smoothing method, which is then applied to the Gehan-Wilcoxon

scheme in Section 4. An example is discussed in Section 5. The focus of this section

is on the accelerated failure time model, but the methods can be applied also to other

rank regression applications with censored data.
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9.2 The Gehan-Wilcoxon Scheme

For uncensored data, the rank regression scheme seeks to minimise the objective func-

tion [?]

L(β) = 2
∑

ei{rank(ei)− 1

2
(n + 1)} =

∑

i<j

|ei − ej|, (16)

a convex function of β (see Hettmansperger and McKean, 1998). Estimation is through

setting the gradient function to zero, i.e. by solving the following estimating equations

S(β) = 0, where

S(β) =
∑

i<j

(xi − xj)sgn(ei − ej)

=
∑

j

∑

i

(xi − xj)I(ei > ej).

For censored data, the indicated event ei > ej is confirmed only if ej is uncensored and

ej < ẽi, ie if ej < ei ∧ C ′
i ∧ C ′

j. Therefore it is reasonable formulate the censored data

estimating function as

S(β) =
∑

j,i

(xi − xj)I(ej < ei ∧ C ′
i ∧ C ′

j)

=
∑

j

δjR(ej)(x̄j − xj),

=
∑

j

δj

∑

i

(xi − xj)I(ỹi − log Tj ≥ βT (xi − xj)), (17)

where R is the modified rank, as in (15), R(ej) being the number of residuals ≥ the

uncensored residual ej, and x̄j is the mean of all covariates {xi} over {i : ẽi ≥ ej}. It is

easily seen from (17) that this estimating function is a monotone step function in the

components of β.

The Gehan estimator of β can also be obtained by minimising the following disper-

sion function (see Jin et al. 2003),

L(β) =
n∑

i=1

n∑

j=1

δi(ẽi − ej)
−, (18)
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where x− = |x| if x < 0, and 0 if x > 0. Note that in the absence of censoring, i.e., all

δi = 1, we have L(β) =
∑

i,j(ei − ej)
− =

∑
i<j |ei − ej|, which is the same as (16). The

corresponding quasi score function is the same as (17).

Because S is a step function, S = 0 must be solved by linear programming methods

or their equivalent, as in Jin et al. (2003), and in particular, derivatives of S are not

defined, so that standard error or covariance matrix estimation is problematical. As

mentioned earlier, the asymptotic covariance depends on the density function. Thus,

computationally intensive methods such as nonparametric density estimation or may

need to be considered. Alternatively, we now introduce in the next section a simple

method based on the induced smoothing idea for asymptotic inference.

9.3 Induced Smoothing

Suppose observations Y depend upon a parameter vector θ of dimension p, and that

S(Y, θ) is a vector of estimating functions for θ̂, from solving S(Y, θ) = 0. Let θ0 be

the true parameter value. Usually, the distribution of S(θ0) is approximately zero-

mean normal with known variance: this is the case for many procedures related to rank

methods.

If S is differentiable with respect to θ, then under certain regularity conditions the

delta method can be applied to obtain the asymptotic covariance matrix of θ̂, as given

by (12),

D−1B{DT}−1, (19)

where D = [∂E{S(Y, θ)}/∂θ]θ0 , and B = cov{S(Y, θ0)}.

In practice, D is estimated from ∂S(Y, θ)/∂θ evaluated at θ̂ when these partial

derivatives exist, and B is either known, as in rank methods, or estimated by a suitable

function of residuals, as in Section 4, for example.
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However, if the derivatives do not exist, it is difficult to obtain D and hence the

covariance matrix of θ̂. The asymptotic form may depend on underlying density func-

tions, which then need to be estimated. This is often the case in M−estimation, and

rank-based regression or quantile estimation.

In the induced smoothing method proposed in Brown and Wang (2005), a simple,

‘pseudo-Bayesian’ approach to estimation viewed the estimation of a parameter θ not

only as making a choice θ̂, but also stating a covariance matrix Γ. Thus, assuming

asymptotic normality as is usually appropriate, knowledge about the unknown θ can

be summarised by a distribution of N(θ̂, Γ) for θ.

This is the view that is taken at the beginning of the inference process, before

data is gathered. Then, the implied smoothing of estimating equations has two conse-

quences. First, the estimating equations S = 0 for θ̂ are replaced by a smoothed version,

whose solutions are asymptotically equivalent to the unsmoothed estimates. Thus, the

smoothed estimates will inherit asymptotically normal distributions of the original, un-

smoother estimates. In the present application, smoothed estimates of the regression

parameter β will inherit the asymptotic normality proved by Jin et al. (2003) for the

unsmoothed estimates. Second, the smoothed estimating equations are differentiable,

enabling the sandwich formula (19) to be applied, and solved for Γ.

By estimation of θ, a pair (θ̂, Γ) is nominated with θ = θ̂ + Γ1/2Z, where the

random vector Z ∼ N(0, Ip), with Ip the identity matrix of dimension p. If there are

n independent observations, the elements of Γ are expected to be O(n−1). In one-

parameter problems, Γ = s2, where s is standard error, playing a role similar to the

bandwidth in kernel methods.

Therefore we replace L(θ), the original objective function for estimation of θ̂, with
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L̄(θ̂) = E{LZ(θ̂ + Γ1/2Z)}, where expectation is over Z. The derivative is

S̄(θ) = ∂L̄(θ)/∂θ = EZ{S(θ + Γ1/2Z)}, (20)

and the smoothed θ̂ is found by solving

S̄(θ̂) = 0. (21)

Asymptotically, the estimation of θ̂ is unchanged in replacing the non-smooth S

by the smooth S̄, but S̄ will be smooth enough to use the sandwich formula (19).

Thus, the asymptotic covariance matrix Γ satisfies Γ = D−1cov{S̄(θ0)}{DT}−1, where

D = E{∂S̄(θ)/∂θ}θ0 . Further modifications, with negligible asymptotic effect, are to

replace cov{S̄(θ0)} by B = cov{S(θ0)}, or an estimate, and to replace D by the estimate

D̂ = ∂S̄(θ̂)/∂θ, giving

Γ = D̂−1 ˆcov{S(θ0)}{D̂T}−1, (22)

Thus the induced method consists of solving (21) and (22) for θ̂ and Γ.

9.4 Smoothed Rank Estimation for the AFT Model

Applying induced smoothing as in (21) and (22), the estimating equations (17) for β

become

S̄(β̂) = ∂L̄(β̂)/∂θ = EZ [
∑

j

δj

∑

i

(xi − xj)I{ỹi − log(Tj)− (xi − xj)
T(β̂ + Γ1/2Z) > 0}].

(23)

Let dij = xi − xj, uij = dT
ijΓdij, and rij = ri − rj = ỹi − yj − dT

ijβ̂. Then

S̄(β̂) =
∑

j

δj

∑

i

dijΦ
(

rij√
uij

)
, (24)
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and the regression parameter estimate β̂ is found by solving S̄(β̂) = 0. The correspond-

ing second derivative matrix is

D̂ = ∂S̄(β̂)/∂θ = −∑

i 6=j

φ(
rij√
uij

)
dijd

T
ij√

uij

. (25)

Clearly, this matrix is negative semi-definite, ensuring unique solutions to (24), and

regular computation for β̂. Here, Φ, φ are the cumulative distribution function and

density function of N(0, 1).

Next, a version of (22) is needed, to solve for the asymptotic covariance matrix

Γ. The matrix D̂ comes from (25); therefore, recalling the asymptotic equivalence of

smoothed and unsmoothed estimates, only an asymptotic covariance matrix expression

for B = cov{S(β0)} is needed. When there is no censoring, the null covariance matrix of

S, asymptotically co-inciding with that of S̄, can be found by permutation calculations,

but this is no longer possible in the presence of censored observations.

The asymptotic null distribution of S is given in Jin et al. (2003), and its variance

is a complicated function of both lifetime and censoring distributions. This formula

could be used, along with ‘plug-in’ parameter estimates, to approximate to B, the large

sample null covariance matrix of S.

Alternatively, there is a simpler approach, as follows.

First, take the case p = 1, when {xi} are scalar covariates, and consider how to

obtain an estimator for B = var(S).

The modified rank test statistic, assuming the current β to be the true value of the

regression parameter, is expressible from (17) as

S =
∑

i 6=j

(xi − xj)δjI(εj < ε̃i) =
∑

i6=j

Uij,

where Uij is the summand and ε̃i = εi ∧ Ci. The required null variance of S can be

found in Brown and Wang (2006).
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The steps for implementing the induced smoothing method now are as follows.

(i) select a trial value of Γ;

(ii) solve the monotone equation S̄(β̂) = 0 for β̂, where S̄ is given by (24);

(iii) using the new β̂, calculate D̂ from (25) and B̂, and hence the updated Γ;

(iv) then return to step (i) and iterate until convergence to the required degree of

accuracy is achieved.

As expected from the examples in Brown and Wang (2005) convergence is very rapid.

This is illustrated by the example in the coming subsection.

9.5 A Simulation Study

I also carried out a small simulation study by generating two covariates {xi} from

standard normal distributions and yi = XT
i β + εi, where β = (−0.5, 0.3) and εi are

standard normal. The yi are subject to censoring at Ci, which is generated from a

gamma distribution Γ(2, 1), resulting in roughly 40% censored observations. The sample

size is n = 65. Based on 1000 simulations, we obtained the mean of the Gehan estimates

as (-0.539, 0.331) and the mean of the smoothed estimates as (-0.540, 0.332). The mean

of 1000 estimated standard errors are (0.126, 0.123), while the true standard errors based

on 1000 sets of the parameter estimates are (0.132, 0.128). We further investigated the

case when the sample size is 130. The corresponding means for the Gehan and the

smoothed estimates are (-0.535, 0.324) and (-0.537, 0.3230). The mean estimates of the

smoothed standard errors are (0.091, 0.090) and the true standard errors (again, based

on Monte Carlo) are (0.098, 0.105).
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9.6 Estimation of Perennial Vegetation Coverage

Rectified and calibrated Landsat TM data are used for predicting the vegetation density.

A prediction model is established for each broad zone based on ground data from

various training sites. We collected coverage information in percentage from 338 sites

in NSW. Using 6 band data as covariates, we first fitted a simple linear model with

B1 to B6 as six covariates. The R2 value is 0.47, and the residual standard error is

23.19. The residual plot (top panel) in Figure (9.6) shows that the variances are not

homogenous. All predicted values are truncated to be between 0 and 100 in calculating

the residuals. A weighted least-squares approach is therefore considered with weight

w = 1/{p ∗ (100 − p)}, where p is the predicted coverage from the simple model. The

R2 dramatically increases to 0.86.

The rank estimation, which is robust, can also be applied. The covariance matrix

for the estimating functions need to be derived. Because in this case, the variance of ε

appears to depend on x. Another approach is the random forests. As in the residual

plot, the random forests prodive much smaller residual variations indicating a much

better fit. However, the random forests rely on many more parameters for producing

the trees. More scientific comparisons based on reasonable statistical criteria are of

interest to assess their performance in this context. Another issue is that predictions

for 100% coverage can only be lower if not exact, leading to positive residuals. This

censoring nature at 100% need special attention.

One approach is to use two-stage modeling. First fit a logistic regression to predict

the pixels with 90% or more (heavy) coverage and apply random forests or regression

methods if below 100%. For this dataset, there are 9 sites with 100% coverage, and 44

sites with more than 90% coverage. Applying GLM approach for the binary responses
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Figure 4: Residual plots for the linear model and the random forests approach.
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(heavy coverage or not) results in the following fit. The parameter estimates including

the intercept (3.842, 0.106, 0.148,−0.212,−0.0138,−0.0317,−0.132). There are 34 sites

predicted as more than 90% coverage.

10 Other Potential Directions

10.1 Wavelets

There has been much development in wavelets in the past 20 years. Wavelets are

functional generalizations to the Taylor series expansions, and have natural applications

for image analysis. The wavelet technologies are quite mature and the user friendly

softwares are available. As a layman on wavelets, I need more research before I can

make specific recommendations for the MMM research. However, my understanding is

research in mapping and monitoring can explore applications of wavelets.

As we know, responses from each band for an image (an area of interest) can be rep-

resented by a 2−D function F (x, y), which can be approximated (up to decomposition

level J) by three mother wavelets and one father wavelet,

F (x, y) ≈
J∑

j=1

{∑
m,n

d
(1)
j,m,nΨ

(1)
j,m,n(x, y)+

∑
m,n

d
(2)
j,m,nΨ

(2)
j,m,n(x, y)+

∑
m,n

d
(3)
j,m,nΨ

(3)
j,m,n(x, y)}+FJ(x, y),

where the first three components are the detail coefficients, and FJ(x, y) is the sum

of coarse resolution at level J smooth coefficients, FJ(x, y) =
∑

m,n sJ,m,nΦJ,m,n(x, y).

These coefficients can be calculated using the pyramid algorithm efficiently. The initial

image is F0(x, y), and the father component Fj(x, y) can be perfectly expanded by three

mother coefficients at level j + 1 and Fj+1(x, y).

The potential applications include the following.

(i) Noise removal
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By removing the detail coefficients in the multiresolution analysis (wavelet shrink-

age), an image can be reconstructed by the inverse wavelet transformation.

(ii). Land monitoring

There are two possible approaches to proceed. The first one is to apply wavelet

analysis to both images at two different dates and then examine the differences in the

transform coefficients to determine the level of changes. The other approach is to apply

wavelet analysis to the difference data. The transform coefficients will represent changes

at different resolutions.

(iii). Multisensor-data integration

If multiple data sets are available for the same area from different sensors possibly

with different resolutions, they can be merged to increase accuracy and reduce variations

of errors. This will increase enable us for better monitoring land covers, conditions and

changes.

We will first geometrically register the low resolution image onto the fine resolution

image (Land Sat TM) so that they possess the same pixel size, and then obtain wavelet

representations for both images (band by band) up to the same coarser level (J). The

‘merged’ wavelet representation is to use the father coefficient from the low resolution

image and all the mother coefficients from the fine resolution image. The merged image

can be constructed based on the merged wavelet representation.

10.2 Incorporating Spatial-Temporal Variations

Incorporation of spatial and temporal variations in environmental assessment and mon-

itoring is of great statistical interest in the literature nowadays. Kiiveri, Caccetta and

Evans (2001) proposed a framework of conditional probability networks (CPN) for

monitoring salt in farmland. CPN was developed to incorporate spatial and temporal
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variations in mapping and monitoring ten years ago. It has now built into the oper-

ational precess. While it substantially improves the independence (naẗıve) model, it

will be interesting to see how general space-time covariance functions can be built in

(Stein, 2005). The other approach also published in JASA by Valpine (2004) can also

be investigated.

10.3 Internal Collaboration and Outreaching

The stream of MMM (8.5 EFT) and Hydro-Climate Informatics (3.8 EFT) are based

in Leeuwin Center together. The staff’s interests are diverse. More internal communi-

cation and collaboration would be helpful. Geographically we are so isolated. Regular

meetings and informal scientific talks may be helpful to keep members updated on liter-

ature and to identify scientific issues. Project-based work has taken too much time. To

reach a new balance between external-earning (client projects) and scientific impacts

(measured by national and international recognition), more junior staff (CSOF3, 4 and

5) are needed so that senior staff can focus on science aspects. International impacts

can be greatly improved by focusing more on publications in top international journals.

This will also have international recognition for the local client products and maybe

increase the possibility of international engagement. It may be also a good idea to

merge the two streams (MMM and HC). This will also further strength the statistical

knowledge in MMM and provide more interactions.

In machine learning and image/signal processing, the statistical Department in

Berkley is very (see http://www.stat.berkeley.edu/faculty/index.html).

MARK VAN DER LAAN Interests: Computational biology, optimal methods for

censored data and survival analysis with applications in medical research, causal infer-

ence in longitudinal studies Office: 140 Warren Email: laan@stat.berkeley.edu (Joint
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with BioStatistics).

BIN YU Interests: Machine learning (boosting and support vector machines), clas-

sification and unmixing in remote sensing, network tomography, Minimum Description

Length (MDL) principle and information theory, and computational neuroscience Of-

fice: 429 Evans Email: binyu@stat.berkeley.edu

IAIN JOHNSTONE Interests: Nonparametric function estimation including wavelet

shrinkage, uses of random matrix theory in statistics Email: imj@stat.berkeley.edu

Professor L.X. Zhu has invited me to visit the Department of Mathematics, Hong

Kong Baptist University at their cost. The focus will be on nonparametric work. I

will deliver a talk on the nonparametric work of Wang & Zhu (2006, Biometrika, in

press) for correlated data and explore research opportunities. As robust methods are

fundamental for MMM research, any progress on this approach will directly impact

MMM research. The invitation (at almost their costs) is for mutual benefit. Their

group has also done interesting work on theory and applications of Monte Carlo &

quasi-Monte Carlo methods, a potential tool for MMM research to make computation

feasible when dealing with large remote sensing data. I am also interested in talking to

Dr. Gang Wei there who has done work on Neural Networks (NN) because NN is an

interesting approach that is worth exploring and applying to classification (but I really

know too little on this). Dr. C.S. Tong in HKBU has been working on image analysis

for a number of years. His major interests are on image analysis and wavelets which are

directly related to MMM group research. During the visit, we will discuss these ideas

presented here with colleagues in HKBU and seek research collaborations for developing

new statistical models and methods for remotely sensed data and building statistical

models and develop inference procedures for multiple resolutions.
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