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Abstract

To meet the Basel Il regulatory requirements fer Advanced Measurement Approaches
in operational risk, the bank’s internal model ddanake use of the internal data, relevant
external data, scenario analysis and factors tefgpthe business environment and internal
control systems. One of the unresolved challengepeérational risk is combining of these
data sources appropriately. In this paper we fasugjuantification of the low frequency
high impact losses exceeding some high threshole.s\Wggest a full credibility theory
approach to estimate frequency and severity digidhs of these losses by taking into
account bank internal data, expert opinions andstrgt data.

Keywords: quantitative risk management, operational rislssldaistribution approach,
credibility theory, combining different data souwsceBasel Il Advanced Measurement
Approaches.



1 Introduction

Under the Basel Il requirements, BIS (2005), a bartknding to use the Advanced
Measurement Approaches (AMA) for quantification @berational risk losses should
demonstrate the accuracy of the internal modeliwiBasel Il risk cells relevant to the
bank. The industry usually refers these risk cadlsrisk nodes” in the regulatory matrix of
eight business lines times seven risk types. Tot megilatory requirements, the model
should make use of the internal data, relevantreatedata, scenario analysis and factors
reflecting business environment and internal cdrgystems. There are various aspects of
operational risk modelling, see for example Chabemoulin, Embrechts and NeSlehova
(2006), Cruz (2004). Under the Loss Distributionpfgach (LDA) of AMA, the banks
guantify distributions for the frequency and setyeof operational losses for each risk cell
over a one year time horizon. The banks can usedha risk cell structure but must be
able to map the losses to the Basel Il risk cdlle commonly used LDA model for an
annual lossZ in arisk cell is a compound process

Z :ixk’ (1)
k=L

where N is the annual number of events modelled as a randariable from some
discrete distributiorP(.|0) and X,,k =1,...,N, are the severities of the events modelled

as independent random variables from a continu@iskdition F (.|€) . Here,0 and§ are

distribution parameters (risk profile latent vates). The frequencyN and the severities
X, k=1...,N, are assumed conditionally (givénand&) independent. In our approach

0 and& are modelled as realizations of random variabltasvd from some distribution.
We will consider a group of risks wheéeand & are different for the different risks but are

drawn from distribution common across the riskstHa proposed framework we do not
consider risks individually but regard each riskeashedded in a group of “similar” risks.
Constructing such risk groups is important in geacbut will not be discussed here.

In this paper we focus on quantification of the l@quency high impact losses
exceeding some high threshold for a risk cell ofteost of the operational risk capital is
due to these losses). Estimation of the frequemclysverity distributions of such losses
for each risk cell is a challenging task. The bankternal data are typically collected over
several years and contain few low frequency higpaaot losses. The industry data are
available through external databases from vendas OpVar® Database) and consortia
of banks (e.g. ORX). Typically, vendors providead&r losses above US$1million while
consortium-based data collection threshold is efdtder of US$10,000. These are difficult
to use directly due to different volumes and otfaamtors. Moreover, the data, probably,
have a survival bias. Scenario analysis is undentddy banks to obtain some quantitative
assessment of the risk frequency and severityilolisions using expert opinions, see for
example Alderweireld, Garcia and Léonard (2006). iBglf, scenario analysis is very
subjective and should be combined with the analybkibe actual loss data. Combining of
internal data with external data and expert opisiam appropriate way is one of the
unresolved challenges in operational risk. In pcactad-hoc procedures are often used to



combine these data sources for estimation of #guincy and severity distributions in a
risk cell. For example: a) the severity distribatis fitted to the combined samples of
internal and external data; b) estimated eventvalrmatesA,, and A, (implied by

external and internal data) are combinednas, + (L—w)A,, using expert specified (or

ad-hoc calculated) weight to estimate frequency distribution; c) the seyatistributions
Fa(X), Fi (X) and Fy, (X ) are fitted (using scenario analysis, internal exigrnal data
respectively) and then combined &gFg,(X)+W,F (X)+ @—w —w,)F.(X) with
some ad-hoc weights;, w, to estimate the overall severity distribution. édftfrequency
distribution is estimated using internal data onijile the severity is modelled by both
internal and external data.

In this paper, we suggest a full credibility theapproach (successfully used in the
insurance industry and actuarial sciences for madegades) to estimate frequency and
severity distributions of the low frequency largesdes in each risk cell by taking into
account bank internal data, expert opinions andstrgt data. We present a model, where
the Pareto and Poisson distributions are used fodelting severity and frequency
respectively. Our approach to estimate the paranétbe Pareto distribution goes back to
Rytgaard (1990). Although, the model might be semplmay be very useful at this stage
when the data are very limited and it may also hedecational impact. Also, it gives a
simple example of a consistent credibility appro&mhestimating operational risk. The
external data are incorporated into the model ¥ia hierarchical credibility method
described in Buhlmann and Gisler (2005), ChapteTl& credibility estimators for the
severity and frequency distribution parameterssgmeed in this paper, are based on the use
of the Buhlmann-Straub model, developed in 197@ (Bé&hlmann and Gisler (2005),
Theorem 4.4).

Biuhimann-Straub model. Consider a portfolio o risks modelled by random variables
Yik k=1.,K;, j=1..,J and denoteY :(Yj,l""’Yj,Kj ) Note that,K; may vary

between the risks. Assume that, for known weightg, thej-th risk is characterized by an
individual risk profile &; , which is itself the realization of a random vateo,, and
a) for allj, the Y, :k =1,...,K; are conditionally (giver®;) independent with

E[Y;« |1©;1=u(9;), VarY,, |0;] :02(91)/Wj,k ; (2)
b) the pairs(©,,Y;), ...,(@;,Y;) are independent;
Cc) ©,,...,0; are independent and identically distributed.
Define p, = E[u(©,)], 0% =E[0?(®;)] and r* =Va{u(®, )], j=1...J . Then the
homogeneous credibility estimator p{®;) is given by

[I(ej)zajvj +(1-a;) i, )
where
Ja. _ _ K W J Kj
~o_ j _Z ik _ j — ~ _Z
/JO— _Y ,Y - ~_Y-,k’ — 0’0 0’ ) W - W k
JZ:;GO J J e~ Wj J J Wj +0.2/T2 JZ_; J J e~ J



Hereafter, “hat” is used to denote the estimataheftrue value, e.gi, is the estimator of
MUy - The credibility estimators are linear in the alvaéions. They minimize mean square

errors of predictions among all linear combinatiarfsthe observations. Usually, the
credibility estimators are used to estimate exmgectember of events or expected loss.
However, in general, given that the assumptionthefBihimann-Straub model are valid,
they can be applied to estimate any square integrattued random variablé based on
some known random vectdf . For example, the elements ¥f can be the maximum
likelihood estimators (as in this paper), transfednadata, quantiles, etc.

Industry (external data)

7'9coll ' /]coll
Bank 1 Other banks
50, AP I AN m=2,...M

5, AP 50 JO
Risk cells— ( . ) <+ —— Risk cells
~ AN
~~adv®j=1..377
(expert opinions) - )
X k=LK, XM k=1...K,
- v

-

Internal loss data

Figure 1. Main variables and blocks of the “Toy” model foroperational risk. Xj(li are losses (above
threshold L(jl)) in risk cells j =1,...,J of Bank 1. The loss frequency and severity are modelled bhe
Poisson and Pareto distributions respectively with parameters9]-(1) = vj(l)A(jl) and g‘j(l) = al(l)ﬂj(l)
correspondingly. The distribution parameters )lgl) and z9]-(1) are drawn from common (bank specific)
distributions with E[A"]1=A0, vafAP] = (&")? and E[9M1=9" , vafs®M1=(z{’)? respectively.
Scaling factors aj(l) and vj(l) for the relative differences between the risks can be specifieging expert
opinions. The structural parametersAgm) and ﬁém) of the banksm=1,...,M are drawn from common
(industry specific) distributions with E[A{™]=Ay , Vaid™]=cfy; and EBS{™]=5 |

vafs{™] =172, correspondingly.



2 Modelling severity
Consider Bank 1, see Figure 1 (the upper indexlimaaiables is used to refer the bank),
and suppose that losses above threshfldn thej-th risk cell (j =1,...,J?) are Pareto
distributed with the density and distribution funais given by

1
&Y X P

e

X

f(x141) =@[@} and F(x|¢}") =1-{@} (4)
J I I

for x= L%, é¥ >0. It is assumed that{’ are known. This distribution is often used in

the insurance industry to model large claims and good candidate for modelling large
operational risk losses. It is interesting to nib& the conditional distribution of the losses

exceeding any higher levél is also a Pareto distribution with parametéf% andL . The

results in this section are valid if thresholds diféerent for different risk cells, although
later in the paper, for convenience, we assumsahee threshold across risk cells.

Define the Pareto tail parameter & =a9® , wherea® are known a priori
constants (differences) arﬁf) are the risk profiles of the cells in the bankeTdonstants

aj(l) are scaling factors, reflecting differences ineséies across the risks, that can be fixed
by experts as discussed below.

Maximum Likelihood Estimator (MLE) of the tail para meter using data in a risk cell.
Given that the losseX &), k=1...,.K® in thej-th risk cell of Bank 1 are conditionally

(given $1) independent and Pareto distributed, the MLEZF is

@
@ K ®
a J X
70 — J ik

~ KO -1
@ — "N 7, @
with

A common situation in operational risk is that omlyfew losses are observed for certain
risk cells. Thus, the standard MLEY = a9 (based on the data in theh risk cell



only) for the Pareto parametef#” will not be reliable (this is easy to see from the

variance in (7)). The idea is to use the bank’'sective losses, industry data and expert
opinions to improve the estimates of the Paretarpaters in the risk cells.

Improved credibility estimator of the tail parameter using all data in the bank.
The tail parameter estimatgt’ =a’9® can be improved using all data in the bank as

follows. Assume thatﬁj(l) are independent identically distributed randomialdes with
E[97] =8 and Vafd®]=(r{")?, whered{" is a risk profile for the whole bank.

Observe that, the unbiased estimat&fé’, see (7), satisfy the assumptions of the
Biuhimann-Straub model (2)-(3) and thus the creitijpdstimator is given by

3 5 K® -2
I =a®80 + 1-a )9, where a® = ‘ :
J I ] J Kj(l) _1+(19(§l) /Tél))Z

(8)

The structural paramete®® and (7{")? can be estimated using data across all risk cells

in the bank by solving two nonlinear equations r{gsie.g. iterative procedure, see
Buhimann and Gisler (2005), p.116-117):

0
. 1 3 ~ ~
@0 = S ap o -0y,
ToA (9)
L9 5@
50) _ 030 WO - N 40
0 " WO 2afsy, wh=>ap,
=t i

where coefficientsr® are given in (8), with9® and (z{")? replaced byd{® and (7{")?
respectively (if the solutioii7”)? is negative, we set® = )0

The best credibility estimate for the tail parametethej-th cell (based on the cell
data and all data in the bank)gg) = aj(l)z;j(l). We assumed that constat$ are known a
priori. Note that these constants are defined up twmnstant factor, i.e. coefficiemq‘l)

(and final estimates of tail parameters) will ndtange if allal,j=1..J%  are

changed/scaled by the same factor. Hence, onlyiveldifferences between risks play a
role. These constants have the interpretation pfiai differences and can be fixed by

expert using opinions on, for example, quantilebosfes exceeding(jl). For example, the
expert may estimate the probabiliy, that the loss in theth cell will exceed leveT;, as

g, and use relationa®3® =~Inq; /In(T, /LY  and E[FV] =3I to estimatea® as

~Ing; /[P In(T; /LY)]. Only relative differences play a role so, heretiaut loss of



generality)J$’ can be set equal to 1. Experts may specify severattiles, thera!’ can
be estimated using, for example, a least squar&adetideally, the expert specifying
constantsaj(l) has a complete overview over all risk cells in thenk, as only relative

differences between risks are important. Howevegractice, opinions from experts with

special knowledge of business specifics withinsl dell are required. Combining opinions
from different experts is one of the problems torésolved by a practitioner. For a more
detailed description on using expert opinions foamfification of frequency and severity

distributions, see for example Alderweireld, Gararal Léonard (2006), Shevchenko and
Waithrich (2006).

Improved credibility estimator of the tail parameter using industry data.
External data (above thresholql)) can be used to improve the estimate of the tail

parameteré® =a®9® . This can be done using a hierarchical credibiliodel,
Biihimann and Gisler (2005), Chapter 6. Consilerbanks with risk profilesd{™ ,
m=1...,M . Assume that,:?ém) are independent and identically distributed random

variables with E[9{™]=4,, and Vaid{™]=r2, . Then the following statistics and
credibility weights are calculated bottom up frdme tisk cells to industry level.
« Calculate the risk profile estimato™ and credibility weightsr{™ for all risk cells

j=1...,™ in the banksm=1...,M :
-1

(m)

(m K (m) (m) _

T N S a0 | P LS S T
KM-1¢5 | L K™ -1+ 5™ /1 7{™)?

- Calculate the risk profile estimatos™ and credibility weights3™ of the banks
m=1...M:

7(m)

1 5(m)

g(m) — (m) g(m) (m —

ZS‘0 _W(m) Zaj ‘9] , B =
j=1

(m)
w wm =3"gtm - (11)
j=1

W (7 I70)?
« Calculate the risk profile estimatef’goII for the industry

~ 1 3(m) a M
Joon = > LM, A= g™, (12)
j=1

coll = o
A7 m=1

The final credibility estimators at bank level andthe risk cells are then calculated top-
down from the industry level to the individual ris&lls:

50 Z 030 4 1 g0\5 ,
. B & -8 ):coll (13)
90 =a®8® + 1-a™)5P, j=1...,3™.



Here, the estimatoéj(l) (for the tail parameter in theth risk cell) is improved, when

compared with (8), through improved estimator§f. Parametersy{™ andz{™ can be
estimated by solving two equations

= (14)

where coefficientsr{™ andW™ are given in (10)-(11) wit#{™ andz§™ replaced by

their estimatorsd{™ and 7™ respectively. Finally, the parametey, can be estimated as

m
72, =may ox|M_SW am g2 MP o (15)
M-1m Wo Wo
where
o L& 2 G 3 L 3m
P T Wo = LW, 5 =) 5%
m=1 m=1 m=1

-1
M \p/ (M) (m)
c=M-1$W (1_W j |
M m=1 WO WO
Numerical example

To illustrate the above procedures consider an plamhere losses (exceeding $1million)
observed in the Bank 1 with 10 risk cells are giwrefiable 1 and all risk cells are the same

a priori, a =1, j =1,...,10. Using these losses the MLEs for the tail pararsef”
presented in Table 1, are calculated by (6). Themg (8) and (9), we estimate the bank
structural parameterg7")?=1. 11@nd S’ =3.157, and credibility coefficients

aj(l) = 0.446 (the coefficients are the same because equal rnuofibesses is observed in

the cells). The credibility estimato&%j(l), shown in Table 1, are calculated using (8)
disregarding industry data. Assume that, given desacross all banks, the industry
parameters are estimated &g, = &Ad 72, = 09. Using (11), we calculate the

estimator for the bank credibility coefficie;zﬁ(l) = 0.782 Then formula (13) gives the
estimator for the bank structural paramefé? =3 §8proved by industry data. Finally,

the credibility estimatoréj(l) utilizing industry data are calculated by (13) qndsented in

Table 1. In this example, the MLEs are quite vidadis the number of observations is small.
For example: cell 7 has no large losses and teUdlitE is high; cell 10 has one large loss



and thus its MLE is smaller, etc. One could easdiculate cell MLEs vs the number of
observations in a cell and observe that MLEs aghlpivolatile for small number of
observations. One large observation may lead tailsstantial change in MLE. The
credibility estimators (based on data in the bamk)smoother in compare to MLEs. This is
because a credibility estimator is a weighted ayeraaccording to credibility theory,

between a risk cell MLE and the estimator of thakbsatructural paramete?él) based on
all data in the bank. The credibility weigh)él) are approximately 0.45 which means that
a risk cell MLE (based on observations in a céﬂlj and the a priori estimaﬁéél) = 3.157

are weighted with 0.45 and 0.55 respectively. Tgkimo account industry data increases
the estimator of the bank structural parameter figth= 3.157 to z;él) =~ 3.558 (because
assumed industry collective estimaﬁécr0|| =50 is larger tharh%l) and the credibility

weight BY for the bank is approximately 0.78). This leadsoincrease in the credibility
estimators across all cells when industry datdaaken into account.

Table 1: Losses (in millions $) exceeding $1million obsexd in the Bank 1 and corresponding
maximum likelihood and credibility estimators for the Pare tail parameter in the risk cells.

celll1 | cell2 | cell3] cell4] cell5] cellgl cell7 cell8 cellp cell 10
losses (in millions $) exceeding $1million observed in kigells

1.557 9.039 1.166 1.548 1.578 1.201 1.006 1.741 64183 1.074
1.079 2.138 1.037 1.040 1.282 2.815 1.169 1.165 362.p 1.103
1.047 1.008 1.136 1.045 1.092 3.037 1.215 1.010 1410 1.664
1.199 1.761 2.104 1.774 1.658 1.001 1116 1.096 171.2 1.049
1.395 1.654 1.774 1.045 2.02b 1.114 1.010 1.060 021.2 1.104
1.060 1.073 1.161 1.856 1.129 1.422 1.560 1.352 951.p0 2.924
3.343 2.435 1.080 1.636 1.946 2.397 1.059 1.044 4813 1.265
2.297 4.357 1.154 1.403 1.831L 1.241 1.059 1.678 911.1 1.333
1.297 1.576 1.257 2.527 1.478 1.522 1.050 1.882 611.1 1.424
1.180 1.113 1.231 1.113 1.208 1.243 1.281 1.401 1710 1.435

maximum likelihood estimators (MLES) z§j(l), j=1...10
2499 | 1.280| 3.688] 2487 226k 1992 6963 3.335 94.1 2.870

credibility estimators z§j(1), j =1,...10 disregarding industry data
2.863 | 2.319] 3.394] 2859 2.759 2.637 4.865 3.436 208.6 3.029

credibility estimators 31-(1), j =1,...10 utilizing industry data
3.085 | 2541] 3.616] 3.080 2.981 2.899 5.0f/7 3.458 423.8 3.251

10



3 Modelling frequency
Again, consider Bank 1, see Figure 1, and the uppx in all variables is used to refer
the bank. LetN®) be the annual number of loss events, exceedimgtibtdL{’, in thej-

th risk cell (j =1,...,J%) in thek-th year. Hereafter, for convenience, we assumeanee

thresholdL across all cells and all banks (e.g. one can @hdos threshold equal to the
threshold in the database of external data). Iflath used for estimation are given on the
level of risk cells then it is not difficult to mdy the model allowing for cell specific

thresholds. Assume that ) are Poisson distributed with the density function

(1) )

Pr(N® =n|69) =L xexp-6®) (16)

and moments
EIN® 1691=61, vafN& |67]=61. (17)

The arrival rate parameter is defined@8 =v®A®  wherev® are the known a priori

constants and{ are the risk profiles of the bank cells. The cantv® are scaling
factors, reflecting differences in frequencies asrihe risks, discussed below.

Maximum Likelihood Estimator (MLE) of the arrival r ate using data in a risk cell.
Assume thatN (), k=1...,.K{? in thej-th risk cell are conditionally independent (given

AY). Then the standard MLE of” is

1

Q 7O _—p,0K®
1Nj’k,vj ="K (18)

~

jo-_1
J 7@
J

x~
1

with
E[AD A9 =D, vafA® [AP] =D 170, (19)

Again, a common situation in operational risk iattbnly few large losses are observed for
some risk cells, so the standard MLEs of parame&@rwvill not be reliable. The idea is to

use bank collective losses, industry data and exypenions to improve the estimates of the
arrival rate parameters for the risk cells in thak

Credibility estimator of the arrival rate using all data in the bank.
Assume that A are independent identically distributed WitB[A"]1=A and

var[ 4] = (af”)?. Observe that, the standardized frequengifs= N® /v® satisfy

11



E[FQ 1AP1=2P andVarlF ) |AV]1=AP 1v®. (20)
Thus, F{) satisfy the Biihimann-Straub model (2)-(3) anddieslibility estimator forA{’
is given by
7o

. 21
|7](1) + A(()l) /( Cdél))Z ( )

:l Y () 1 1 1 —
AD = y@A0 + 1y AP, where y =

The structural parameterty’ and «? can be estimated using all data in the bank by

solving two nonlinear equations (using e.g. iteagprocedure, see Buhlmann and Gisler
(2005), p.102-103):

N IO w-1s 050
(a5”) —ma{CX{T— e },0], Ag —?Zyj A (22)
0 ]
where
NE) 3O 105

O -N50 T L GO_EY? 5N 0
Ve’ = 2.Vj ’T‘J(l)_lz,,a) AV =B y=2
=1 i=1vo0 ]

]
1 1) ~ -
- 1 J()j(l) e Jo f"’@ . ,,j(l)
T T N @ .
10 & EEA =Tl e

Here, the coefficienty’® are given in (21) witl$) and " replaced byl and &

respectively.
The best credibility estimate for the arrival ragrameter in thgth cell (based on

the cell data and all data in the bank@f8 =v®A® . We assumed that the constanf8

are known a priori. Note that these constants afsed up to a constant factor, i.e. the
coefficients yj(l) (and the final estimates of the arrival rate pat@rs) will not change if

all v}” are changed by the same factor. Hence, only veldiiferences between risks play

a role. These constants have the interpretatica @iori differences and can be fixed by
the expert opinions on expected annual number sdfel® exceeding threshdldfor each
risk cell. For example, the expert may estimate @éRpected annual number of events

(exceeding threshold. ) n; in the j-th cell asfi; and use relations A" =n; and
E[AP]1= AP to estimatev asi;/A. Only relative differences play a role so, here

(without loss of generality)%gl) can be set equal to 1. For an example of usingréxp

opinions for quantification of frequency and sewerdistributions, see Alderweireld,
Garcia and Léonard (2006), Shevchenko and W(itli2ioae).

12



Improved credibility estimator of the arrival rate using industry data.

External data (above threshdlyi can improve the estimate of arrival r&f =v®AW.
This can be done using a hierarchical credibilityilar to that in the previous section.
Below, we present formulas for completeness. Candidbanks with the risk profiles]gm),

m=1,...,M . It is not difficult to introduce a priori differees between the banks but here,
for convenience, we assume thzhg“,“) are independent and identically distributed random
variables with E[A{"]= A, and VafA{"]=aZ, . Then the following statistics and
credibility weights are calculated bottom up frdme tisk cells to the industry level.

« Calculate the risk profile estimatos§™ and credibility weightgA™ for all risk cells
j=1..,3™ in the bankan=1,....M :
5 (m)

K(m)
V;

m — (m — i o (M =, (M) (m)
/‘ ~(m) z k Vi ~(m) +/](m) /(a%m))z Vi =V K (23)

» Calculate the rlsk profile estimato%m) and credibility weightsp™ of the banks
m=1...M:

3(m) W (m 3(m)
Am) — (m) 3 (m) (m) = wm = (m)
A =g 2 B = i S AT @
* Calculate the risk proflle estlmatdgol, of the industry
. 1 3™ M
At =5 2 PMAT, A=Y p™. (25)
A j=1 m=1

The final credibility estimators at bank level andhe risk cells are calculated top-down as

A0 = pO30 4 - p®) i
:O P AO ( Y ) coll (26)
AW =y A0 + (1~ yj(l))/}gl), j=1..,3M,

Here, the estimator/T(jl) is improved, when compared with (21), through ioved

estimator ofAy’ . Parametersi{™ and «™ can be estimated by solving two nonlinear
equations (using e.g. iterative procedure) for dmotk m=1,...,M :

A(m)\2 _ Jm A sm _ 1 m) 3(m)
(@p7)" =may ex T -—"r5—.0) 4o -721’} A (27)
0 j

where

13



NLE) 3(m 3(m) = (m)

pm o

m =M T = M _E)2 = )

Vo' ‘Zij’T‘J(m) _12 (M) AP =F)% =217,
=1 0 i

=
-1
(m) (M) ~(m) ~(m)
_ 1 I~ Jm 37y v
Ferfm XA w1 2w | Y om |

Here, the coefficientg™ are given in (23) withAS” and «f™ replaced byAS” and

™ respectively. Finally, the parametey,, can be estimated as

M (m) . E— ~2
i2y =ma { M_§w ugm—Agm»Z—M—’},o, @8)

where

22— LG ~m)y2 _om G~ LR 5m)
r _WZ(% )’WO_ZW . Ao —MZA ,
=1

m=1 m=1
-1
—1 | Mp(m) (m)
c=M-1[§w (1_W J}
M m=1 WO WO

and coefficientdV™ are given in (24). Note that the above equatiothéssame as (15)
with substitutionz2,, - I L AW (™ L™, g p™

coll ‘coll 1

4 Remarks and Interpretation

The credibility formulas (8) and (21), for the setyeand frequency estimators, based on a
cell and bank data, have a simple interpretatianth® number of observations in fht

cell increases, the larger credibility weight§’ and y are assigned to the estimators
9P and A® (based on the cell observations) and the lessightseare assigned to the
estimators3’ and Ay (based on all observations in the bank) respdytivéiso, the
larger 7Y and o (variance across cells in the bank), the largeghte are assigned to
9™ and A® correspondingly.

The credibility formulas (10-13) and (23-26), tajimto account industry data,
have a simple interpretation too. As the numbeolifervations in the bank increases, the

larger credibiity weights3® and p® are assigned to the estimai#’ and A (based on

the bank observations) and the lesser weight ig@as to the estimator:éCOII and /icou
(based on observations across all banks) respbctiddso, the largerr,,, and agy,

(variance across the banks), the larger weights assigned tod{® and AY
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correspondingly. For a detailed discussion on thedibility parameters, we refer to
Biuhimann and Gisler (2005) Section 4.4.
In a pure Bayesian approach, the industry riskil@®®B_,, 7., and Ay, @

would be given a priori (often practice in the irece industry). Then equations (9) and
(22) should be solved for a bank only and estinsaffmr the tail parameter and arrival rate)
in the bank risk cells are calculated using (13) &6). It would be ideal if the industry
risk profiles are calculated and provided by thgutators to ensure consistency across the
banks. Also, if the banks would disclose their r@bfile information then the industry
profiles can be estimated using (11, 12) and (&), ®nfortunately this may not be
realistic at the moment, then the industry riskfipge should be estimated by complete
procedures as described in the above sectiongy egjmations (10-12) and (23-25) for the
severity and frequency estimators respectivelyilltrequire knowledge of the large losses
(above some large threshold) experienced by othekdavailable at the moment through
external databases. For practical purposes, wnsenient to choose the same threshold
across all risk cells and all banks. One can chdlosdhreshold equal to the threshold in
the external database (elg=$1Million). Then, vendors data (typically recordatiove
US$1Million) can be used for calibration of the posed model. If available, consortium-
based data can be used for model calibration (&xjgected that the threshaldin the
proposed model is larger than the consortium-bated collection threshold). The data
guality and survival biases in external databaseshe issues that should be considered in
practice but go beyond the purposes of this paper.

5 The capital calculations

For the purposes of the regulatory capital calcuhat of operational risk, the annual loss
distribution, in particular its 0.999 quantile (VaRs a risk measure, should be quantified
for each Basel Il risk cell in the matrix of eighisiness lines times seven risk types and for
the whole bank. The credibility model presentethis paper is proposed for modeling low
frequency high impact losses exceeding some ldngstioldL. Of course, modelling of
the high frequency low impact losses (below thrésthg should be added to the model
before the final operational risk capital chargestimated (for a related actuarial literature
on this topic see Sandstrom (2006) and WuthrictD§20 That is, we suggest that the
losses above thresholdare modelled using credibility theory as describethis paper,
while the losses below the threshold are modeligzhisately. Note that typically, the low
frequency high impact losses give largest contidibuto the final capital charge. The
number of high frequency low impact losses recoiddtie bank internally is usually large
enough to obtain reliable estimates by a standdtidgf of the frequency and severity
distributions without the use of the external d&tadelling these losses is important but
goes beyond the purposes of this paper.

The total LDA model for an annual lo&s in risk cellj (combining losses below

and abovd.) is

If) hf )

N NS
J (If) J (hf)
Zy= 3 Xig+ Xik (29)
n=1 k=1
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Here, N{" and X{), n=1,...,N{" are the annual number of events and iid severities

the low frequency high impact losses (exceedipgnodelled by distribution®!”  (and

F'() respectively.N{" and X{), k=1..,N{" are the annual number events and

iid severities of the high frequency low impactdes (below.) modelled by distributions
P () and F™ (.)respectively. It is reasonable to assume thatawefrequency high

impact losses and high frequency low impact lossesndependent, i.eX; , andY;, are
independentN{" and N{"™) are independent. As usual, independence betweenitées
and frequencies is assumed. In the credibility rho@scribed in this papeP!" (gnd

F1"(.) are the Poisson and Pareto distributions withrpatersg, and¢; estimated by

v®AY anda®$® respectively as described in the above sectiohen;Tthe annual loss

distribution for each risk cell and the whole bamak be calculated using, for example, the
Monte Carlo procedure with the following logicabgs (where all random samples are
independent):

Stepl For each risk celf =1,...,J simulate the annual number of eveits” and N{™
from the distributionsP!™  (.Jand P’ (.)respectively.

Step2 Given N{" and N{™) from the Step 1, simulate severitigg')), n=1..,N{" and
X0, k=1...,N" from distributionsF " (Jand F™) () respectively.

Step3 Find the annual losg; for each risk cellj =1,...,J using formula (29) and the

J
annual loss in the bank &=)"Z .
k=1
Step4 Repeat Steps 18 times to build samples of the annual losg€k) and Z; (k),

k=1...,K. Then, the 0.999 quantile (and other distributtbyaracteristics if required) is
estimated using simulated sample in a usual way.

In the above procedure we assumed that risk cedlsn@ependent. While it is important
(and quite realistic) assumption of the proposedehthat the low frequency high impact
losses from different risk cells are independeapeathdence can be considered between the
high frequency low impact losses from differentkrisells. The dependence can be
introduced using for example copula methods. Fah&r information on the application of
the copula method in finance, we refer to McNergyFand Embrechts (2005). Also, see
Frachot, Roncalli and Salomon (2004) for a disarssif dependence between operational
risks. The modelling of common events (shocks) #ffgtct many risk cells simultaneously
is another important part of operational risk mbdgl These common shocks can be
modelled as separate compound processes and mappte risk cells, effectively
introducing dependence between risk cells, seeskimgl and McNeil (2003). Accurate
guantification of the dependencies between thesriska difficult task, which is an open
field for future research.
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The qualitative impact of considering industry datathe bank VaR figures is quite
intuitive for the proposed credibility model. Ifehndustry risk profiled,, is higher than

the bank profile)lgl) based on the internal data, then the credibilstyn@ators of the bank

profile and arrival rate in risk cells will incregsas follows from (26), and vice versa.
Increase in the arrival rate estimators in all isKs of the bank will increase VaR figures
for the bank and vice versa. Also, if the indusisk profile 7, is larger than the bank

profile ﬂél) based on the internal data, then the credibilstyneators for the bank profile

and Pareto tail parameter in risk cells will in@eaas follows from (13), and vice versa
(this behaviour of the credibility estimators isntmstrated in the numerical example,
Table 1). Increase of the Pareto tail parameteosacall risk cells will decrease VaR
figures for the bank and vice versa. The magnitudiethese impacts will depend on

credibility weights of the banle® and p¥ discussed in the previous section.

6 Conclusions

In this paper, we proposed the use of a full crétibtheory approach to estimate
parameters of the frequency (Poisson) and sevérgreto) distributions for the low
frequency high impact operational risk losses editepsome threshold for each risk cell.
The initial estimators are based on the use of csk data. Then the estimators are
improved by the use of all data in the bank (acedsgsk cells) and by experts who may
specify the relative difference between risks. Bjndhe estimators are corrected by the
industry data. A numerical example of the procedarethe loss severities is given in
Table 1 (the procedure for the loss frequenciegery similar). The main reason for the
proposed approach is that, typically, the bankisrimal data of the large losses in risk cells
are so limited that the standard maximum likelihoestimates are not reliable. The
proposed credibility theory approach allows to tlse bank’s collective losses, external
data and expert opinions to improve the estimates.

The described model is not too complicated butiveg an example of a full
credibility approach that we believe is well suifed operational risk quantification. It has
a simple structure which is beneficial for pradticde and can engage the bank risk
managers, statisticians and regulators in prodectmodel development and risk
assessment. The model provides a framework thabeateveloped further by considering
other distribution types and dependencies betwis&s.rAs it stands, the model does not
have a time component and incorporation of evohatitg models, where the risk profiles
are evolving in time, is important for further déy@ment. Justification of the model
assumptions (such as conditional independence battie losses or common distribution
for the risk profiles across the risks) can be Hase the analysis of the unconditional
properties (e.g. unconditional means, covarianoéshe losses and should be addressed
during model implementation. Adding extra levelshe considered hierarchical structure
may be required to model the actual risk cell stmecin a bank.

Of course, a full Bayesian approach would allowdaantification not only better
point estimates for the distribution parameters their whole posterior distributions, see
e.g. Shevchenko and Wiuthrich (2006). However, guies specification of the prior
distributions that can often be difficult in theseaof very limited data. We hope that
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practitioners in operational risk will find the gented model useful both from a practical
and an educational point of view.
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