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Project Brief

Project Type: Vacation Student Project
Project Title: Dependence Modelling via Copula Method

Project Place:
Quantitative Risk management Group, CSIRO Mathaerabsind Information Sciences, North
Ryde

Project major outcome:
Development of the procedure, algorithm and stdadeaapplication that allow to fit copula
parameters and to chose the best fit copula fargbi-variate time series.

Project Timetable (10 weeks starting at the end of Nov 06 to Feb 06)

2 weeks — learning/reading background literaturecopulas and goodness-of-fit
techniques

* 2 weeks — development of the algorithm and apptinainterface for fitting and
goodness-of-fit testing in the case of a standapiila (Gaussian copula)

« 2 weeks — adding extra copulas (t-copula, Claytéambel) to the algorithm and
application.

» 1 week — fitting copulas using bi-variate time eerfe.g. A$/USD and Euro/USD)

» 2 weeks — documentation of the results as a teahraport

» 1 week — preparation of the end-of-project pretamta

Project deliverables:
» stand-alone application with MS Excel interfacet tlbows to fit different copulas to a
given bi-variate time series and chose the besbpula.
* documentation of the procedures and results ashaital report.

Brief description: Accurate modelling of dependence structures vigulas is a topic of
current research and recent use in risk manageamghither areas. Specifying individual
(marginal) distributions and linear or rank cortielas between the dependent variables is not
enough to construct a multivariate joint distrilouati In addition, the form of the copula should
be specified. The copula method is a tool for amesing non-Gaussian multivariate
distributions and understanding the relationshipsorag multivariate data. While the
functional forms of many copulas are well knowreg ftiting procedures and goodness-of-fit
tests for copulas are not well-researched topite dim of this project is to develop an
algorithm and application that will fit differenbpulas to bivariate time-series and allow to
chose the best fit copula.
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1. Introduction

Copula (Lt) : a connexion; a link
-- Oxford English Dictionary

The phrase ‘copula’ was first used in 1959 by AB&aSsixty-seven years ago, but traces of
copula theory can be found in Hoeffding’s work digrthe 1940’s. This theory languished for
three decades in the obscurity of theoretical tesi before re-emerging as a key analytical
tool in the global scene of financial economicsthwparticular usefulness in modelling the
dependence structure between two sets of randaables. Prior to the very recent explosion
of copula theory and application in the financiairid, the only models available to represent
this dependence structure were the classical ranitite models (such as the ever-present
Gaussian multivariate model). These models entaitgd assumptions on the marginal and
joint behaviours of the variables, and were almestless for modelling the dependence

between real financial data.

Copula theory provides a method of modelling thpethelence structure between two sets of
observations without becoming inextricably tangledhese assumptions. Simply expressed,
copulas separate the marginal behaviour of vasafotem the dependence structure through
the use of distribution functions. As the empirioarginal distribution functions can be used
instead of their explicit analogues, it is not evetessary to know the exact distribution of

the variables being modelled.

Copulas are extremely versatile, and can be usethamalytical tool in a broad range of
financial situations such as risk estimation, drethdelling, pricing derivatives, and portfolio

management, to name but a few. Although the mgjaitthe vast literature dedicated to

copula application lies in the financial sectore thpplications of copula theory are not
confined to the financial world. Any situation ilving more than one random variable can
be modelled and analysed using copula theory e as is usually the case with statistics,
the more variables there are present in the méldelmore complicated and time-consuming

the analysis becomes.

In this paper, we attempt to analyse the dependsirteture present between foreign
exchange spot rates for the US dollar quoted apé#esfollowing: the Australian Dollar

(denoted $A), the British Pound Sterling (EGB), SsrrancKSz), the Euro (€), the Japanese
Yen (¥), and the Canadian Dollar ($C). We focusyam the bivariate case due to project
time constraints and a difficulty defining the nindiriate goodness-of-fit statistics and their

distributions.
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We first provide some definitions and fundamentahfework, then introduce four copulas
(Gaussian, Student’s t, Clayton, and Gumbel) thlitbe the key focus in this study. We
developed procedures to simulate each copula, &stithe parameter underlying each copula
(dependence structure) for a given data set usingparoach similar to that of Genest et.al
(1995) and Dias et.al (2004), and apply several dgess-of-fit tests to test the
appropriateness of these copulas. These proceduees implemented into stand-alone
application with MS Excel interface using VBA. Fllya this methodology is applied to the
weekly log-returns of the foreign exchange rateatioaed above.
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2. Definitions

A copula function is a method of modelling the degence structure between two sets of
paired observations by linking the joint cumulatidéstribution function (cdf) of an-
dimensional random vector to the marginal cdfsotomponents

Technically, a copula is a mappir@: (01)" - (01) from the unit *hypercube’ to the unit
interval, with marginals that are uniformly disuted on the interval (0,1). The fundamental
theorem underpinning all copula-based analysistsv as Sklar's Theorem

2.1 Sklar's Theorem

Let F:0" (01) be a joint distribution function with marging, Xo, ... , X.
Then there exists a coput: (01)" - (01) such that for ak OO",u0(02)"

F(x) = ¢{F,(x)....F, (x, )} =c(u)

Conversely, if C:(02)" - (01) is a copula and-y, ..., F, are distribution
functions, then there exists a joint distributiomdtionF with marginsFs, ..., Fn
such that for ak 0 0",u0(01)"

F(x)=F{F. W), F (u, )} = C(u)

Furthermore, i, F1, F»,,... F, are continuous, then the cop@as unique.

2.2 Bivariate Copulas

This study considers only the bivariate (two-dimenal) case:

C(u,v) = F{F{" (), F, (W)}

We consider continuous distributions whéris the joint cdf of the random vectdt = (X,Y)
and F, and F, are the marginal cdf's of andY respectively. Note particularly thXtandY
do not necessarily have the same distribution,thatithe joint distribution may differ again;
for example, it is quite possible to link a normgadlistributed variable and an exponentially-
distributed variable together through a bivariatengha function. Bivariate copulas further

satisfy three necessary and sufficent properties, (1995):
1. lim,_ ,C(u,v)=lim, ,C(u,v)=0
2. lim,_,C(u,v)=v,lim,_,C(u,v)=u
3. Clu,vy)-Cluy,v,)—Cluy,vy) +Cu,,v,) 20 O (uy, ), (U, v, ) With uy S U, , v, SV,

! For some definitions and simple results on statiktistributions, see Appendix I.
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2.3 Empirical CDF’s and the Copula

If the exact distribution of the marginal distrilmrts is unknown, the empirical cdf can be
plugged into the formula instead of the inverse Gtile empirical cdf of a random variable is

defined as follows:

In the univariate case, the empirical cdf of a mndvariableX evaluated at a poink is
defined to be the proportion of observations natatgr thanx. Mathematically, if the

observed values of are x, , X, ,..., X, , then the cdf is given by

F()=P(X £x)=2 3 1(x < x)

i=1

A similar expression exists for the bivariate case:

F(xy)=P(X<xY< y)=%Z:1)1(Xi <Xy <y)

The joint empirical cdf of a multivariate distriboti can be similarly defined.
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3. Copulas Used in this Project

3.1 Elliptic Copulas

The elliptic copulas are a class of symmetric capusa-called because the horizontal cross-
sections of their bivariate pdf's take the shapellypses. Because of their symmetry, a simple
linear transformation of variables will transforimetelliptic cross-sections to circular ones,

producing ‘spherical’ [marginally uncorrelated] wibutions.

We consider two elliptic copulas in this study,bof which are based on extremely common
statistical distributions.

3.1.1 Gaussian or Normal Copula

The Gaussian copula is an extension of the norns#iilalition, one of the most commonly-
used (and misused) statistical distributions. le timivariate case, the standard normal
distribution is also known as the ‘bell curve’, ahds applications in fields as diverse as
mechanical engineering, medicine, pharmaceuticalufagture, and psychology.

The Gaussian copula is given by
Cp(u,v) = dbp{QD‘l(u),qJ‘l(v)}

in which @ and® , are the univariate and bivariate standard norwmis cepesctively, ang
is the coefficient of correlation between the randariablesX andY 2.

3.1.2 Student t-Copula withv degrees of freedom

The Student’s t-copula is similar to the Gaussiaputay but it has an extra parameter to
control the tail dependence. Small valuesvaforrespond to greater amounts of probability
being contained in the tails of the t-copula, iasiag the probability of joint extreme events.
As the value o¥ increases, the cdf of the Student’s t-copula aggres that of the Gaussian.

For this reason, the highest valuevahat we consider in this study lis= 20.

The Student’s t-copula with degrees of freedom takes the form

Coo(uv) =t,,{ 51 (u) 1, ()}

wheret, andt,, are respectively the univariate and bivariatedaath Student’s cdf's with
v degrees of freedom, apdis the coefficient of correlation between the @amdvariablesX
andy.

2 See Appendix | for more details.
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3.2 Archimedean Copulas

The Gaussian copula and the Student’s t-copula atb buitable for modelling the
dependence structure present in symmetric dataekenysome financial data such as equity
returns (Ang and Chen, 2001, and LInkoln and , 2@igplay an asymmetric distribution that
cannot be suitably modelled by an elliptic copie therefore introduce two asymmetric
‘extreme-value’ (EV) copulas: the Clayton copuldgeti-tailed EV copula, and the Gumbel

copula, a right-tailed EV copula.

Both the Clayton and Gumbel copulas are memberhefsingle-parameter Archimedean
family of copulas. A copula belongs to the bivagiarchimedean family if it takes the form

Cluv) =W wlu)+ w(v)}
where W : (01) - (0,) is agenerator function satisfying three conditions:
w)=0
W'(s)<0 OsO(01), i.e. W is strictly decreasing

W(1)>0 Os0(01),i.e. ¥ is convex

Many such generating functions exist, and thusetlaee many possible copulas to fit to any
dataset. We focus only on two such copulas duedjegt time constraints.

3.2.1 Clayton Copula

The Clayton copula is a left-tailed EV copula, éiting greater dependence in the lower tail
than in the upper tail. This copula relies uponrgle parametei@ with support in[O,oo),
and takes the form

C,(uv)={u?+vo-1}"°
with corresponding generator functid#(s)=s? -1 and its inverseW™(s)=(s+1) .
Simple differentiation yields a pdf of

c,(u,v)=(6+1) (uv) _9_1{ u?+v? —1}_2_”5.

The dependence between the observations incressies walue off increases, witld - 0*
implying independence anfl — « implying perfect dependence.

The Clayton copula can also be extended to negd@pendence structures, i.e. those with

negative linear correlation.
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3.2.2 Gumbel Copula

The Gumbel copula exhibits upper tail dependenndicating that large positive joint
extreme events are more likely to occur than larggative ones. It incorporates a single
parameterd with support in[l oo), and is written as

Cy(u,v)= exp{ - [ (-Inu)? +(=Inv) ‘9] _1/9}

with an associated generator function4fs) = (- Ins)’and its inverseW ™(s) = exp[~ s*).

Settingl = —Inu andV = -Inv, the pdf of the Gumbel copula can be expresses thu
¢y (U,V) = C, (U, V) (uv) X (av)*(@? +vo) ] (@? +v°)"* +6-1}.

As with the Clayton copula, the dependence betwbenobservations increases with
implying independence a8 - 1" and perfect dependence @s- « . Similarly, an extension
to negative dependence is possible.

3.2.3 Other Archimedean Copulas

There are many other type of Archimedean copulaslthve been proposed in the last few
decades. Some of them have simple closed formscamdbe easily simulated, while others
are more complex.

1. Independent Copula

C(u,v)=uv; W(s)=Ins

2. Frank Copula

clo)=-2nf1- B2 RN, g Lol

1-¢e° )

The Frank Copula is symmetric, and has supporéfor (—oo,oo).
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Gaussian Copula: rho = 0.7 Student's t Copula: rho = 0.71, hu = 3
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All the datasets above have a linear correlatiaffaaent of 0.7 and
uniform margins; however, the dependence strudtisgdayed by
each dataset is clearly different.
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4. Simulation Toolkit

4.1 Elliptical Copulas

Given two independent random variablé$ ~U(01) and V ~U(01), we can set
X, =F*(U) and X, = F*(v), whereF(.) is the marginal cdf of the elliptical distrito
used to construct copula (ek(.) is the standard Normal distribution for Gausstapula,
F(.) is t-distribution withy degrees of freedom for t copula with degrees of freedom).
Since the copulas are elliptical, we can transfoinese variables by a rotation about the
origin: This rotation factor is the linear corrédat coefficient,p.

Xl = Xl
X, = pX, +41- p* X,
We then transform back into uniform variates bylgpg the CDF:

U, = F(Xl)
U, = F(Xz)

U, andU, are thus simulated from the elliptical copula wathrrelation coefficienp .

This procedure has been used for Gaussian anditasop

Another procedure can be used to simulate t-cogaifallows:

1. Simulate independebtandV from U(0,1)

2. calculateX, = F *(U) and X, = F *(v) whereF(.) is standard Normal distribnution
3. perform transformationX, = X;; X, = pX; +4/1- p? X,
4. find X, =+/vX, //S,i =12 whereSis simulated independently from the Chi-Square

distribution withv degrees of freedom

5. calculateU; = F,(X,) whereF, (.)is t distribution withv degrees of freedom.

4.2 Archimedean Copulas

Method 1

Given two independent random variablé$ ~U(01) and V ~U(01), we can set
U= C(S|V) independently o¥. So, we can generate two random variablesdv that are
uniformly distributed on (0,1), and set

Dependence Modelling via the Copula Method 13



aC(u,v)
ov

s=C*(u]v), where C(u|v)=

ThusU andS are simulated from the desired copula. Often,Ahghimedean copulas will
have no closed form and this step will require nucad root finding until a required precision
of convergence is reached.

Method 2

The distribution function of the Archimedean copb&ng simulated can be expressed as

<) =t-20)
wi(t)
whereW(t), t0(01) is the generating function of the copula beingusirted.

We can thus generate two random variabiesdv that are uniformly distributed on (0,1),

and settingu = K (t), we can generatg = K ™*(u) by numerical root finding. Then, we set
s=W7v ()
t=w7[a-v) W(a)

The variables andt are thus uniformly distributed on the intervall{0and have the required
dependence structure.
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5. Estimation of Parameters

5.1 Maximum Likelihood Estimation

Define the likelihood of a set ofobservations ofX,Y) as

L(6)= El fo(%. )
where f,(x,y) is the pdf of the random vectdiX,Y)" evaluated at the poinfx,y).
Paramete®d is estimated by maximising this likelihood wittspect tod .

Since the logarithmic transform is a monotonic &aging function, maximising the log-
likelihood will provide the same optimal estimate ¥ as maximising the original likelihood
whilst reducing the complexity of calculations.

n

inL(g)=1n (|‘| f,(x.y, )j =2 In (06, %))

1=1 i=

We therefore take the natural logarithm of the lileeod and maximise it by an iterative
process, extending the estimate of the parametesnieydecimal place each time until an
accuracy of twelve decimal places (the limit of Ehecel spreadsheet) is reached.

5.2 Standard Error

The variance of the parameter estim#tecan be calculated from the Fisher Information
Matrix. Since all our models have only one paraméte the Student’s t-distributiony is
regarded as fixed), the formula simplifies to:

| =-E {Z 0662?2 In f(X)

i=1

:l 1
0= | Var(b)
where f (X) is the pdf of the random variable X.

Calculation of the standard error was performedibyterative routine:

1. For each pair of observations, calculate the compbnof variance contributed to
the total Fisher Information by substituting thesetved values ok, and y,, as
well as the estimated value 6f into the second derivative function.

2. Since the standard error is the square root ofdnience, set

SE(é)z ‘Var i

Dependence Modelling via the Copula Method 15



6. Goodness-of-Fit Tests

6.1 Pearson’s Chi-Squared

The chi-squared test relies upon an arbitrary bigraf data to calculate the test statistic. In
this paper, we have used equal probability binnimgall procedures to minimise error.
Furthermore, all data is transformed prior to hmgniinto uniform variates that are
uncorrelated under the null hypothesis — thatus,mull hypothesis ifg(u,v) =uv.

The classical Pearsong®-statistic is then calculated according to theofwihg equation:

iObS’ N
respectively. To calculate the p-value we simplyerthat the degrees of freedom are simply

where N ieXpare the number of observed and expected obsersatiorthe ' bin

the number of bins that are not empty, and thuaiolthe p-value from statistical tables.

While the chi-squared test is the most commonlydustatistical test for goodness-of-fit, it
should be noted that the binning is entirely adbitrand can produce different p-values
depending upon which binning procedure is usedhWfts in mind, we make use of five

different binning procedures for chi-squared tegtmthis paper.

1. Sectors

Each pair of observations is allocated to one ghtebins depending upon the sign of

u, — 05 and the ratia, = b
u —05

. This measures clustering around specific valfie¢s o

2. Concentric Squares

Each pair of observations is placed into one ofttieis centred at the poift0.5,05) as

shown below. This measures clustering around theeef the dataset.

3. Quadrants

Taking the ‘origin’ to be the poin([0.5, 0.5), each pair of observations is allocated to one

of four bins depending upon which quadrant that jxes in.

4. 3x3 Squares

Each pair of observations is allocated to one é mins as shown below.
5. 4x4 Squares
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Each pair of observations is allocated to onexdésn bins as shown below.

Figure 2: The binning procedures used in this sfadghi-squared goodness-of-fit of copulas.

However, to balance out the limitations imposedruthee study by arbitrary binning, we also
performed two tests for equality of continuous rilisitions, suitably modified for the discrete

step-function exhibited by an empirical joint cdf.

6.2 Kolmogorov-Smirnov

The Kolmogorov-Smirnov test for equality of cumuatdistribution functions is one of the
most widely used tests for equality of distribusoAlthough the Kolmogorov-Smirnov test is
less powerful than tests such as the Shapiro-Wik& and the Anderson-Darling test, it
remains easy to implement and calculate the p-vadseciated with an observed value of the
statistic as the distribution is well-known - udithe Anderson-Darling test statistic, below.

LetY,

i be the ordered data - then the Kolmogorov-Smitest statistic is defined as

|

The p-value associated with this statistic candsalye calculated by evaluating the sum

D" = max{

I<i<n

F(Yp) ==

,‘ F(Y(i))_i_n

1-Qs =1-2> (-1)"e™®™ where A = [Jﬁ + 011+ OTlnzj D’
i=1

until it converges to an acceptable degree of pi@ti

We apply the Kolmogorov-Smirnov test to both thi#gei cdf and to the uniform variate
obtained during transformation of the data. Onlg emarginal cdf needs to be tested, as the
other marginal is simply the empirical cdf of thestf original marginal, and therefore is
already uniformly distributed.
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6.3 Anderson-Darling

The Anderson-Darling test is widely used in therhture for testing normality, although
tables of critical values have been developed tier éxponential, Weibull, and log-normal
distributions, as well as some others. However,furction similar to the Kolmogorov-
Smirnov function has yet been found, and the peslassociated with a statistic are usually
generated through the technique of Monte Carlo Isitiaun.

The Anderson-Darling test is technically an intéghat since the empirical cdf is a step
function we can express this integral as a finitecréte sum. The discrete form of the
Anderson-Darling test statistic is

AZ = —N _ZT:ZIT_l{ In F(Y(i))+ In[l— F(Y(n+1—i)) ]}

Unfortunately, there was insufficient time allocht® this project to allow a Monte Carlo
simulation of the critical values for the estimatedue of the parameters in each copula. The
Anderson-Darling test statistics are useful on\aasugh estimate only, and cannot be used
to determine whether a copula is significantly eliént from the empirical copula.

6.4 p-values

In general, p-values for all of the above testsutthde calculated numerically via a Monte
Carlo simulation procedure because the copula peteans estimated from the data and thus
the distribution of the test statistic does notéhavclosed form. Given the time limits of the
project, the p-values for the Kolmogorov-Smirnow ai-squared tests were calculated using
the Kolmogorov-Smirnov and chi-squared distribusion

7. Testing Simulated Data
To verify simulation and testing procedures, weqgrened numerous simulation tests.

* 10,000 data points from each copula were simultded specified parameter value—
for example, a Gaussian copula with correlatiorffament 0 =0.7 was simulated. The
maximum likelihood procedures and goodness-okts were run to test each copula.

This was repeated for five different values of faameter for each copula — for example,
with the Gaussian copula, specified values of tireetation coefficitent were -0.6, -0.2, 0.3,
0.7, and 0.95. In each case, the testing routijectezl all copulas but the one that was
simulated, verifying the estimation and testinggeures.
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8. Application to Financial Data

In this paper, we attempt to use the copula metb@halyse the dependence structure present
between foreign exchange spot rates for the USadagjuoted against the following: the
Australian Dollar (denoted $A), the British Pountér8ng (EGB), Swiss Fran&§z), the
Euro (€), the Japanese Yen (¥), and the Canadidar@®$C).

We obtained foreign exchange rate data from the Mewk stock exchange data provided by
Yahoo! Finance, taking daily data from 1996 to 200bis data was then reduced to weekly
data to eliminate seasonality. The day chosen ke tdbservations on was Wednesday, as
fewer public holidays fell on Wednesdays than og ather day of the week in this time
period. Whenever a public holiday did fall on a Wesday, the data from the Thursday
immediately after was substituted instead. Thissstition occurred only four times out of

522 data observations.

The weekly data was then transformed into log-resur

X
Y, =log| —*
. g( ! j

We then selected a particular pair of data obsiemva{there were 15 pairs in all) and for each
pair, we performed the following procedure:

1. The log-returns were transformed to [univariatep@&roal cdf’s.

2. For each copula, the second vector of observatiaass transformed to a vector that
should be uncorrelated with the first vector, pdexd the copula choice is correct. We

made this transformation by setting

s=C(u|v) :—aC(g‘\J”")

whereu andv are the observed values of the empirical cdf'sl @i also uniformly
distributed on the interval (0,1), but is uncortethwithv.

3. We calculated the joint empirical cdf for a speaifipair (x ,y,) of these modified
data using the definition from Section 2.3:
F(Xi’yi): P(X <X,Y < Yi)

4. Each of the four copulas focused on in this stuéyenfitted by maximum likelihood
estimation and the goodness-of-fit testing routwese applied as described above to
obtain a set of p-values for each test (or in #ewmf the Anderson-Darling test, a test

statistic).
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Disappointingly, the results were inconclusive. Fayst of the pairs of exchange rates, none
of the copula models could be rejected at the Gigmificance level. However, some
preliminary conclusions and hypotheses could bewdrdrom the data based upon a
comparison of the sets of p-values. In particutae, pairings involving the Canadian Dollar
and the Japanese Yen showed complex behaviourettpaires further investigation, perhaps
due to their geographical isolation from the oth@rencies.

. The only significant rejection occurred for therpag of the Swiss Franc and the
Euro, with the extreme-value copulas performingyveadly in comparison with
the Gaussian and t-copulas.

. The dependence between the Australian Dollar aedEilro appears to be a t-
copula with a low number (5-8) of degrees of freaddhe dependence between
the Australian Dollar and the Swiss Franc appeargss.

. The relationship between the Australian Dollar #mel Canadian Dollar may be a
mixture model of the Gaussian and Gumbel copulasmay the relationship
between the British Pound and the Canadian Dollar.

. The British Pound appears to have a Gaussian depeadtructure with the Euro,
the Swiss Franc, and the Australian Dollar.

The p-values (and test statistic values for the éksdn-Darling test) are shown on the next
few pages. The p-values that are significant aDthg level are highlighted in red.
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$A vs £GB, 1996-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
3 e

. rho / theta 0.348 0.414 1.266 0294 | 0312 | 0.323 | 0.329 | 0.334 | 0.337 | 0.339 | 0.340 | 0.345 | 0.346
Parameter Estimates

std error 0.001 0.008 0.011 | 0.007 | 0.005 | 0.004 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002 | 0.001

Spokes 0.880 0.628 0.669 0.163 0.331 0.387 0.428 0.467 0.639 0.669 0.669 0.739 0.800

Circles 0.880 0.534 0.985 0.932 0.920 0.936 0.936 0.946 0.903 0.874 0.905 0.791 0.846

Chi-Squared Tests Quadrants 0.998 0.811 0.998 0.998 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

3x3 Squares 0.978 0.328 0.981 0.772 0.916 0.954 0.976 0.983 0.983 0.978 0.978 0.978 0.978

4x4 Squares 0.697 0.161 0.941 0.505 0.473 0.528 0.496 0.589 0.632 0.589 0.646 0.646 0.646

. u2 0.774 0.531 0.925 0.695 | 0.699 | 0.747 | 0.722 | 0.724 | 0.738 | 0.734 | 0.732 | 0.794 | 0.794
Kolmogorov-Smirnov

Copula 0.954 0.623 0.893 0.893 0.956 0.960 0.960 0.960 0.960 0.959 0.959 0.959 0.958

. U2 stat. 0.395 0.304 0.328 0372 | 0.384 | 0.394 | 0.400 | 0.404 | 0.408 | 0.411 | 0.412 | 0.409 | 0.406

Anderson-Darling
Copula stat. 124.7 132.9 129.6 140.4 | 136.3 133.7 131.9 130.7 129.8 | 129.1 128.6 | 127.0 126.3
Table 8.1 The p-values and test statistic valintaioed for modelling the Australian Dollar ($A)aagst the British Pound (EGB)
$A vs FSz, 1996-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
3 6516 7 |8 |9 45 35 | 9

. rho / theta 0.333 0.408 1.267 0.315 0.329 0.337 0.341 0.343 0.344 0.345 0.345 0.345 0.344
Parameter Estimates

std error 0.001 0.008 0.011 0.007 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.699 0.178 0.229 0.421 0.800 0.883 0.912 0.912 0.907 0.907 0.907 0.856 0.807

Circles 0.665 0.696 0.526 0.865 0.820 0.754 0.773 0.739 0.617 0.649 0.677 0.688 0.731

Chi-Squared Tests Quadrants 0.354 0.203 0.345 0.863 0.789 0.638 0.638 0.638 0.638 0.638 0.638 0.505 0.439

3x3 Squares 0.818 0.120 0.821 0.916 0.916 0.941 0.959 0.950 0.950 0.923 0.923 0.923 0.908

4x4 Squares 0.797 0.317 0.636 0.542 0.627 0.646 0.688 0.751 0.751 0.751 0.776 0.742 0.711

. U2 0.961 0.922 0.790 0.970 | 0965 | 0939 | 0.930 | 0.929 | 0.933 | 0.956 | 0.968 | 0.973 | 0.953
Kolmogorov-Smirnov

Copula 0.983 0.699 0.891 0992 | 0995 | 0995 | 0.992 | 0.989 | 0.987 | 0.985 | 0.984 | 0981 | 0.981

. U2 stat. 0.298 0.212 0.374 0.214 0.219 0.236 0.250 0.258 0.265 0.269 0.271 0.278 0.281

Anderson-Darling
Copula stat. 124.9 131.4 127.9 136.5 132.7 130.4 128.9 127.9 127.2 126.7 126.3 125.3 125.0

Table 8.2 The p-values and test statistic vahiained for modelling the Australian Dollar ($A)ainst the Swiss Franc (FSz)




$A vs €, 1999-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
a4 |5 g = [ 8 9 10 i5 20

. rho / theta 0.485 0.741 1.445 0.471 0.488 0.497 0.501 0.503 0.505 0.505 0.505 0.504 0.501
Parameter Estimates

std error 0.001 0.018 0.013 0.008 0.006 0.005 0.004 0.003 0.003 0.002 0.002 0.001

Spokes 0.504 0.316 0.142 0.351 0.437 0.607 0.666 0.781 0.677 0.677 0.677 0.576 0.618

Circles 0.725 0.921 0.747 0.943 0.954 0.981 0.875 0.911 0.839 0.810 0.810 0.879 0.834

Chi-Squared Tests Quadrants 0.255 0.097 0.285 0.699 0.615 0.615 0.615 0.615 0.444 0.444 0.444 0.365 0.355

3x3 Squares 0.936 0.257 0.819 0.999 0.995 0.987 0.971 0.971 0.906 0.930 0.909 0.895 0.920

4x4 Squares 0.752 0.039 0.628 0.765 0.844 0.839 0.839 0.823 0.833 0.828 0.828 0.812 0.839

. U2 0.695 0.622 0.410 0.856 0.790 0.809 0.906 0.903 0.843 0.800 0.806 0.799 0.804
Kolmogorov-Smirnov

Copula 0.672 0.397 0.523 0.705 0.765 0.760 0.754 0.747 0.741 0.736 0.731 0.714 0.704

. U2 stat. 0.689 0.531 0.831 0.222 0.294 0.360 0.410 0.447 0.476 0.498 0.515 0.565 0.591

Anderson-Darling
Copula stat. 63.6 67.6 66.6 73.2 69.9 67.9 66.7 65.9 65.3 64.9 64.6 63.8 63.6
Table 8.3 The p-values and test statistic vahiained for modelling the Australian Dollar ($A)ainst the Euro (€)
$A vs ¥, 1996-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
R 6 —+¢ 8 | 9 10 15 20

. rho / theta 0.288 0.328 1.207 0.248 0.262 0.270 0.275 0.279 0.281 0.282 0.284 0.286 0.287
Parameter Estimates

std error 0.001 0.006 0.011 0.007 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.936 0.915 0.837 0.830 0.924 0.899 0.883 0.891 0.915 0.915 0.915 0.904 0.922

Circles 0.989 0.802 0.872 0.892 0.960 0.976 0.983 0.971 0.944 0.957 0.955 0.985 0.985

Chi-Squared Tests Quadrants 0.752 0.885 0.723 0.752 0.730 0.666 0.666 0.687 0.687 0.687 0.687 0.687 0.687

3x3 Squares 0.303 0.231 0.586 0.570 0.526 0.478 0.478 0.478 0.478 0.478 0.420 0.420 0.295

4x4 Squares 0.746 0.262 0.416 0.565 0.608 0.598 0.551 0.738 0.738 0.733 0.733 0.733 0.733

. U2 0.790 0.995 0.858 0.858 0.818 0.740 0.734 0.731 0.728 0.726 0.725 0.769 0.791
Kolmogorov-Smirnov

Copula 0.810 0.689 0.791 0.812 0.812 0.812 0.812 0.812 0.812 0.812 0.812 0.812 0.811

. U2 stat. 0.286 0.144 0.375 0.262 0.280 0.285 0.291 0.294 0.295 0.296 0.295 0.293 0.292

Anderson-Darling
Copula stat. 137.7 144.6 142.6 150.8 147.3 145.1 143.7 142.6 141.9 141.3 140.9 139.6 139.1

Table 8.4 The p-values and test statistic vahitained for modelling the Australian Dollar ($A)anst the Japanese Yen (¥)
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$A vs $C, 1996-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
T Selee bR e s e

. rho / theta 0.446 0.593 1.359 0.387 | 0.408 | 0.420 | 0.427 | 0.432 | 0.435 | 0.438 | 0.439 | 0.444 | 0.445
Parameter Estimates

std error 0.001 0.012 0.011 | 0.007 | 0.005 | 0.004 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002 | 0.001

Spokes 0.912 0.259 0.178 0.176 0.328 0.561 0.743 0.750 0.853 0.859 0.833 0.846 0.837

Circles 0.507 0.903 0.954 0.977 0.816 0.688 0.573 0.519 0.393 0.380 0.370 0.370 0.500

Chi-Squared Tests Quadrants 0.998 0.122 0.877 1.000 1.000 0.998 0.998 0.998 0.998 1.000 1.000 0.998 0.998

3x3 Squares 0.959 0.021 0.945 0.970 0.975 0.971 0.964 0.975 0.973 0.973 0.973 0.973 0.967

4x4 Squares 0.907 0.010 0.821 0.828 0.688 0.746 0.751 0.764 0.764 0.843 0.817 0.893 0.893

. U2 0.963 0.427 0.891 0985 | 0961 | 0963 | 0.978 | 0.968 | 0.973 | 0.967 | 0.969 | 0.966 | 0.951
Kolmogorov-Smirnov

Copula 0.946 0.335 0.769 0.710 0.850 0.918 0.951 0.968 0.978 0.980 0.979 0.974 0.966

. U2 stat. 0.208 0.578 0.288 0.150 0.141 0.146 0.159 0.169 0.177 0.183 0.187 0.196 0.199

Anderson-Darling
Copula stat. 102.0 110.5 109.4 1194 | 1147 111.8 109.9 108.5 107.5 | 106.7 106.2 104.5 103.8
Table 8.5 The p-values and test statistic vahiained for modelling the Australian Dollar ($A)ainst the Canadian Dollar ($C)
£GB vs FSz, 1996-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
=215 &7 8 |9 19|35 9

. rho / theta 0.623 1.029 1.677 0.590 0.608 0.617 0.622 0.625 0.627 0.629 0.629 0.630 0.630
Parameter Estimates

std error 0.000 0.022 0.010 0.006 0.005 0.004 0.003 0.002 0.002 0.002 0.001 0.001

Spokes 0.412 0.011 0.014 0.013 0.079 0.126 0.302 0.364 0.387 0.376 0.394 0.454 0.454

Circles 0.948 0.692 0.908 0.936 0.895 0.944 0.959 0.944 0.960 0.948 0.950 0.965 0.964

Chi-Squared Tests Quadrants 0.632 0.061 0.161 0.995 0.988 0.963 0.963 0.963 0.945 0.945 0.919 0.863 0.863

3x3 Squares 0.979 0.010 0.735 0.983 0.991 0.992 0.992 0.995 0.995 0.995 0.995 0.991 0.991

4x4 Squares 0.742 0.000 0.285 0.109 0.278 0.468 0.641 0.781 0.871 0.864 0.847 0.913 0.817

. U2 0.357 0.488 0.096 0.713 | 0540 | 0520 | 0.535 | 0.509 | 0.428 | 0.419 | 0.414 | 0.394 | 0.346
Kolmogorov-Smirnov

Copula 0.912 0.192 0.600 0.644 | 0.821 | 0.879 | 0.908 | 0.924 | 0.933 | 0.938 | 0.941 | 0.946 | 0.944

. U2 stat. 0.726 0.504 1.420 0.379 0.405 0.423 0.436 0.444 0.454 0.469 0.486 0.551 0.585

Anderson-Darling
Copula stat. 64.3 73.6 69.5 81.5 76.3 73.2 71.2 69.8 68.9 68.1 67.6 66.1 65.5

Table 8.6 The p-values and test statistic vahitgined for modelling the British Pound (EGB) agaithe Swiss Franc (FSz))
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£GB vs €, 1999-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
3 415 g = [ 8 9 10 i5 20

. rho / theta 0.700 1.268 1.865 0.655 0.675 0.685 0.692 0.696 0.699 0.701 0.702 0.705 0.706
Parameter Estimates

std error 0.000 0.034 0.012 0.008 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.853 0.000 0.189 0.235 0.351 0.470 0.645 0.645 0.645 0.645 0.745 0.761 0.761

Circles 0.914 0.891 0.973 0.453 0.805 0.895 0.993 0.987 0.969 0.980 0.967 0.934 0.967

Chi-Squared Tests Quadrants 0.945 0.068 0.777 0.978 0.974 0.974 0.974 0.974 0.974 0.974 0.945 0.945 0.945

3x3 Squares 0.764 0.009 0.743 0.694 0.721 0.589 0.628 0.726 0.727 0.721 0.758 0.689 0.705

4x4 Squares 0.992 0.001 0.740 0.771 0.817 0.926 0.953 0.995 0.995 0.991 0.988 0.994 0.994

. U2 0.840 0.488 0.573 0.948 0.947 0.957 0.967 0.950 0.933 0.944 0.952 0.950 0.966
Kolmogorov-Smirnov

Copula 0.910 0.127 0.889 0.729 0.891 0.921 0.921 0.921 0.921 0.862 0.863 0.871 0.878

. U2 stat. 0.399 0.700 1.098 0.295 0.313 0.315 0.308 0.302 0.302 0.305 0.308 0.312 0.317

Anderson-Darling
Copula stat. 35.1 42.4 38.8 48.3 44.4 42.1 40.6 39.5 38.8 32.1 32.3 32.9 33.3
Table 8.7 The p-values and test statistic vahintgined for modelling the British Pound (EGB) aghithe Euro (€)
£GB vs ¥, 1996-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
3 Gl 6 —+¢ 8 | 9 10 15 20

. rho / theta 0.278 0.338 1.188 0.247 0.258 0.264 0.268 0.270 0.272 0.273 0.274 0.277 0.277
Parameter Estimates

std error 0.001 0.006 0.012 0.007 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.800 0.967 0.598 0.978 0.933 0.917 0.917 0.922 0.922 0.917 0.907 0.833 0.833

Circles 0.979 0.995 0.927 0.880 0.895 0.886 0.908 0.903 0.942 0.938 0.973 0.962 0.981

Chi-Squared Tests Quadrants 0.963 0.926 0.841 0.974 0.979 0.974 0.974 0.988 0.988 0.974 0.951 0.939 0.939

3x3 Squares 1.000 0.916 0.903 1.000 1.000 1.000 0.998 0.999 0.999 0.999 0.999 0.999 0.999

4x4 Squares 1.000 0.893 0.943 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.999 0.999

. U2 0.994 0.957 0.877 0.988 0.992 0.991 0.994 0.994 0.995 0.996 0.988 0.990 0.989
Kolmogorov-Smirnov

Copula 0.963 0.836 0.815 0.979 0.991 0.991 0.990 0.989 0.987 0.983 0.981 0.970 0.968

. U2 stat. 0.136 0.188 0.205 0.153 0.147 0.139 0.134 0.132 0.131 0.131 0.131 0.132 0.133

Anderson-Darling
Copula stat. 138.0 142.7 144.0 149.9 146.8 144.9 143.6 142.7 142.0 141.5 141.1 139.9 139.4

Table 8.8 The p-values and test statistic vahintgined for modelling the British Pound (EGB) aghithe Japanese Yen (¥)
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£GB vs $C, 1996-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
T Selee bR e s e
. rho / theta 0.208 0.229 1.131 0.176 | 0.187 | 0.193 | 0.197 | 0.199 | 0.201 | 0.202 | 0.203 | 0.206 | 0.207
Parameter Estimates
std error 0.001 0.004 0.012 | 0.007 | 0.005 | 0.004 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002 | 0.001
Spokes 0.990 0.617 0.999 0.999 1.000 1.000 1.000 1.000 1.000 0.999 0.996 0.990 0.990
Circles 0.515 0.613 0.903 0.777 0.496 0.565 0.565 0.526 0.550 0.554 0.573 0.565 0.538
Chi-Squared Tests Quadrants 0.974 0.687 0.963 1.000 1.000 1.000 0.998 0.988 0.988 0.988 0.988 0.974 0.974
3x3 Squares 0.351 0.447 0.616 0.322 0.322 0.337 0.311 0.348 0.382 0.385 0.348 0.351 0.351
4x4 Squares 0.982 0.692 0.995 0.983 0.985 0.986 0.980 0.976 0.976 0.976 0.976 0.956 0.978
. U2 0.907 0.956 0.893 0.885 | 0.881 | 0901 | 0.921 | 0.917 | 0.908 | 0.902 | 0.898 | 0.897 | 0.902
Kolmogorov-Smirnov
Copula 0.900 0.914 0.848 0.916 0.916 0.916 0.915 0.915 0.914 0.913 0.913 0.910 0.908
. U2 stat. 0.202 0.188 0.168 0.214 0.207 0.205 0.204 0.204 0.205 0.205 0.206 0.206 0.206
Anderson-Darling
Copula stat. 155.5 160.3 161.0 165.9 163.3 161.6 160.5 159.7 159.1 158.6 158.2 157.2 156.7
Table 8.9 The p-values and test statistic vahiained for modelling the British Pound (EGB) agithe Canadian Dollar ($C)
FSz vs €, 1999-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
=215 &7 8 |9 19|35 9
. rho / theta 0.942 4.582 4.091 0.933 0.937 0.939 0.941 0.941 0.942 0.942 0.942 0.942 0.943
Parameter Estimates
std error 0.000 0.151 0.004 0.002 0.002 0.001 0.001 0.001 0.001 0.001 0.001 0.001
Spokes 0.591 0.545 0.623 0.534 0.645 0.634 0.634 0.634 0.719 0.581 0.581
Circles 0.398 0.192 0.388 0.256 0.473 0.495 0.432 0.500 0.432 0.538 0.489
Chi-Squared Tests Quadrants 0.999 0.990 0.990 0.981 0.990 0.990 0.990 0.990 0.997 0.999 0.999
3x3 Squares 0.913 0.243 0.243 0.419 0.519 0.611 0.711 0.694 0.764 0.870 0.834
4x4 Squares 0.873 0.031 0.406 0.461 0.507 0.614 0.607 0.648 0.765 0.839 0.844
. U2 0.305 0.487 0986 | 0971 | 0914 | 0914 | 0.899 | 0.823 | 0.784 | 0.729 | 0.487 | 0.424
Kolmogorov-Smirnov
Copula 0.999 0.315 0.991 0964 | 0994 | 0997 | 0.999 | 0.999 | 0.999 | 0.999 | 0.999 | 0.999 | 0.999
. U2 stat. 0.891 2.563 1.161 0.268 0.289 0.311 0.343 0.371 0.397 0.418 0.437 0.518 0.575
Anderson-Darling
Copula stat. 6.2 9.7 7.4 5.2 5.4 5.5 5.6 5.6 5.7 5.7 5.8 5.9 6.0

Table 8.10 The p-values and test statistic vabiegined for modelling the Swiss Franc (FSz) rgiahe Euro (€)
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FSz vs ¥, 1996-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
3 a5 Selee bR e s e

. rho / theta 0.360 0.431 1.291 0.323 | 0.340 | 0.350 | 0.356 | 0.359 | 0.362 | 0.364 | 0.365 | 0.367 | 0.367
Parameter Estimates

std error 0.001 0.008 0.011 | 0.007 | 0.005 | 0.004 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002 | 0.001

Spokes 0.993 0.580 0.750 0.441 0.710 0.856 0.907 0.938 0.950 0.964 0.973 0.973 0.989

Circles 0.880 0.946 0.960 0.850 0.720 0.665 0.795 0.830 0.837 0.859 0.889 0.895 0.883

Chi-Squared Tests Quadrants 0.995 0.826 0.974 0.979 0.988 0.995 0.995 0.995 0.998 1.000 1.000 1.000 0.998

3x3 Squares 0.973 0.128 0.811 0.866 0.921 0.939 0.964 0.986 0.985 0.982 0.982 0.982 0.982

4x4 Squares 0.751 0.142 0.627 0.288 0.433 0.451 0.473 0.500 0.519 0.598 0.669 0.688 0.751

. U2 0.994 0.783 0.993 0.994 | 0995 | 0988 | 0.992 | 0.977 | 0981 | 0983 | 0981 | 0982 | 0.991
Kolmogorov-Smirnov

Copula 0.983 0.523 0.880 0.957 0.989 0.993 0.993 0.992 0.992 0.991 0.990 0.979 0.972

. U2 stat. 0.179 0.273 0.232 0.186 | 0.184 | 0.182 | 0.185 | 0.182 | 0.179 | 0.176 | 0.175 | 0.173 | 0.172

Anderson-Darling
Copula stat. 120.1 128.5 123.9 134.2 130.0 127.4 | 1258 124.6 123.7 | 1231 1226 | 1213 120.8
Table 8.11 The p-values and test statistic vatitained for modelling the Swiss Franc (FSz) agiaine Japanese Yen (¥)
FSz vs $C, 1996-2005
Student's t
Normal | Clayton JGumbel degrees of freedom
3 4L 5 &7 8 |9 19|35 9

. rho / theta 0.226 0.238 1.159 0.197 | 0209 | 0216 | 0220 | 0.223 | 0.224 | 0.225 | 0.226 | 0.228 | 0.228
Parameter Estimates

std error 0.001 0.004 0.012 0.007 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.491 0.174 0.661 0.280 0.344 0.302 0.358 0.358 0.358 0.358 0.358 0.358 0.358

Circles 0.977 0.968 0.992 0.964 0.938 0.972 0.950 0.976 0.964 0.971 0.971 0.982 0.986

Chi-Squared Tests Quadrants 0.926 0.477 0.752 0.926 0.951 0.939 0.919 0.919 0.919 0.919 0.919 0.919 0.919

3x3 Squares 0.872 0.427 0.928 0.808 0.808 0.808 0.808 0.808 0.825 0.825 0.866 0.866 0.866

4x4 Squares 0.982 0.482 0.987 0.968 0.975 0.978 0.980 0.980 0.980 0.980 0.980 0.980 0.980

. U2 0.919 0.968 0.995 0.898 | 0.886 | 0.938 | 0.926 | 0.922 | 0.918 | 0916 | 0921 | 0911 | 00911
Kolmogorov-Smirnov

Copula 0.810 0.696 0.687 0.832 | 0.851 | 0.848 | 0.846 | 0.843 | 0.841 | 0.838 | 0.836 | 0.829 | 0.825

. U2 stat. 0.187 0.171 0.131 0.213 0.205 0.205 0.206 0.206 0.205 0.204 0.204 0.200 0.197

Anderson-Darling
Copula stat. 151.2 157.8 154.8 161.6 158.7 156.9 155.6 154.8 154.2 153.7 153.4 152.4 152.0

Table 8.12 The p-values and test statistic vabistgined for modelling the Swiss Franc (FSz) rstahe Canadian Dollar ($C)
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€ vs ¥, 1999-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
3 a5 g = [ 8 3 10 i5 20

. rho / theta 0.299 0.410 1.238 0.302 | 0313 | 0.318 | 0320 | 0.321 | 0.321 | 0.321 | 0.321 | 0.318 | 0.315
Parameter Estimates

std error 0.001 0.009 0.014 | 0.008 | 0.006 | 0.005 | 0.004 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002

Spokes 0.089 0.312 0.038 0.397 | 0301 | 0.257 | 0.244 | 0.244 | 0.179 | 0.179 | 0.179 | 0.161 | 0.161

Circles 0.365 0.914 0.479 0.533 | 0.468 | 0.489 | 0.370 | 0.379 | 0.338 | 0.309 | 0.281 | 0.252 | 0.356

Chi-Squared Tests Quadrants 0.974 0.846 0.903 0.999 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 | 0.999 | 0.999

3x3 Squares 0.983 0.838 0.758 0977 | 0994 | 0996 | 0.999 | 0.999 | 0.996 | 0.995 | 0.995 | 0.996 | 0.995

4x4 Squares 0.992 0.668 0.839 0.993 | 0994 | 0990 | 0.986 | 0.978 | 0.978 | 0.978 | 0.978 | 0.981 | 0.985

. u2 0.759 0.793 0.720 0.674 | 0.707 | 0.713 | 0.731 | 0.720 | 0.726 | 0.728 | 0.729 | 0.828 | 0.762
Kolmogorov-Smirnov

Copula 0.984 0.956 0.852 0.992 0.998 0.996 0.994 0.994 0.993 0.993 0.993 0.990 0.989

. U2 stat. 0.301 0.378 0.310 0.271 0.269 0.274 0.281 0.284 0.285 0.285 0.285 0.286 0.289

Anderson-Darling
Copula stat. 92.3 93.8 93.8 98.0 95.8 94.4 93.6 93.1 92.7 92.4 92.3 91.9 91.8
Table 8.13 The p-values and test statistic vabitgined for modelling the Euro (€) against theadeese Yen (¥)
€ vs $C, 1999-2005
Student's t
Normal | Clayton [Gumbel degrees of freedom
3 T T 10 15 20

. rho / theta 0.318 0.384 1.238 0.297 0.311 0.318 0.322 0.325 0.326 0.327 0.327 0.327 0.326
Parameter Estimates

std error 0.001 0.009 0.014 0.009 0.006 0.005 0.004 0.003 0.003 0.002 0.002 0.002

Spokes 0.709 0.144 0.990 0.946 0.875 0.801 0.776 0.776 0.776 0.776 0.776 0.682 0.682

Circles 0.484 0.866 0.940 0.313 0.309 0.384 0.479 0.577 0.561 0.511 0.549 0.511 0.453

Chi-Squared Tests Quadrants 0.529 0.140 0.762 0.783 | 0.699 | 0615 | 0.620 | 0.620 | 0.620 | 0.620 | 0.620 | 0.533 | 0.533

3x3 Squares 0.838 0.373 0.448 0.939 | 0906 | 0.805 | 0.805 | 0.805 | 0.689 | 0.672 | 0.672 | 0.617 | 0.795

4x4 Squares 0.839 0.326 0.923 0.969 | 0948 | 0904 | 0.887 | 0.887 | 0.887 | 0.887 | 0.887 | 0.752 | 0.817

. U2 0.594 0.790 0.396 0.552 0.485 0.470 0.432 0.427 0.437 0.448 0.461 0.439 0.483
Kolmogorov-Smirnov

Copula 0.952 0.558 0.791 0.938 0.969 0.964 0.962 0.962 0.961 0.961 0.961 0.959 0.958

. U2 stat. 0.489 0.261 0.612 0.338 | 0.386 | 0.412 | 0.428 | 0.438 | 0.444 | 0.448 | 0.451 | 0.460 | 0.467

Anderson-Darling
Copula stat. 89.1 93.4 92.4 97.2 94.7 93.1 92.1 91.4 90.9 90.6 90.3 89.6 89.4

Table 8.14 The p-values and test statistic vabistgined for modelling the Euro (€) against th@&han Dollar ($C)
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¥ vs $C, 1996-2005

Student's t
Normal | Clayton JGumbel degrees of freedom
3 &5 SeEaa s BT R B e

. rho / theta 0.214 0.220 1.131 0.151 0.167 0.177 0.184 0.189 0.192 0.195 0.197 0.204 0.206
Parameter Estimates

std error 0.001 0.004 0.012 0.007 0.005 0.004 0.003 0.003 0.002 0.002 0.002 0.001

Spokes 0.650 0.255 0.676 0.297 0.252 0.428 0.328 0.397 0.397 0.397 0.390 0.558 0.628

Circles 0.519 0.865 0.903 0.905 0.892 0.927 0.925 0.886 0.823 0.735 0.743 0.743 0.597

Chi-Squared Tests Quadrants 0.834 0.926 0.939 0.919 0.945 0.939 0.877 0.877 0.877 0.877 0.877 0.877 0.885

3x3 Squares 0.991 0.713 0.991 0.982 0.997 0.992 0.988 0.988 0.988 0.992 0.992 0.992 0.988

4x4 Squares 0.877 0.801 0.995 0.935 0.963 0.884 0.867 0.867 0.890 0.890 0.832 0.881 0.893

. u2 0.976 0.952 0.987 0.879 0.943 0.960 0.946 0.931 0.919 0.935 0.945 0.961 0.969
Kolmogorov-Smirnov

Copula 0.900 0.933 0.772 0.949 0.922 0.898 0.879 0.863 0.963 0.956 0.951 0.933 0.924

. U2 stat. 0.248 0.147 0.136 0.191 0.205 0.217 0.224 0.230 0.233 0.236 0.238 0.241 0.242

Anderson-Darling
Copula stat. 156.4 163.1 162.7 170.6 167.4 165.3 163.9 162.8 162.0 161.3 160.8 159.3 158.5

Table 8.15 The p-values and test statistic vabistgined for modelling the Japanese Yen (¥) ag#iesCanadian Dollar ($C)
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9. Conclusions and Further Extensions

The popularity of copulas looks certain to increasduture years; however, the study of
copulas is far from complete. Research continués topics such as extending bivariate
copulas into the multivariate case and incorpogatiitme series techniques into copula
modelling to more accurately model the dependertcectsre observed in a dataset.
Importantly, more research is needed in the fiélcholtivariate goodness-of-fit statistics and
their distributions to reduce the reliance upon Me@Garlo simulations when considering
goodness-of-fit of a particular model.

This report was intended to be a preliminary ingegion into the dependence structure
between foreign exchange rates, and has revealestateareas which could be vastly
improved upon in further studies. The inconclusigsults from this study may result from
failing to consider fluctuations due to volatilityto account when transforming the data.
Volatility in financial data can vary weekly due 8mcio-economic and political events
influencing the exchange markets, and techniquesaaailable to detrend data by removing
volatiliy (see Embrechts et. al, 2002).

Further, the dependence between the European cigseappears to be predominantly elliptic
in nature, whilst the geographically isolated codies appear to exhibit extreme-value
dependence as well as elliptic dependence. Fumdgszarch into estimating and fitting
mixture models is therefore required.

e Time-Dependent Copulas

A major problem with the analysis of financial meik is that of time dependency and
volatility. To properly analyse fluctuations andpgedendencies in stock markets, etc., the
seasonal, cyclical, and long-term trends need toeb®ved from the data, along with any
other time-dependent behaviour. A straight analg$islata without removing these trends
introduces errors into the analysis and thus nabil conclusions can be made.

Current research is being conducted into the iategr of statistical time series analysis with
copula theory to provide a unified model of timgerdence. This is a relatively new field,
and to date very few papers have been publisheer Afore theoretical work is published,

this field can be expected to become a major elemehe world of financial economics.

Anoher key component of time series that needsetonborporated into the model is the
concept of volatility. Dias and Embrechts (20049vpde comprehensive details for fitting

copulas to deseasonalised high-frequency datathatlrolatility removed.



* Mixture Models

. Another issue in analysing copulas is that tla cepula may be a ‘mixture model’ — that is,
composed of several different dependence structii@sexample, a mixture model of the
Gaussian and Clayton copulas with parameteasd &respectively would be given by

C,o(uv)=a Cy,(uv) + @-a)Cepluvfu?+ve -1}

a,pl

whereC,, (u,v) and CC;H(u,v) denote the Gaussian and Clayton copulas resphctive

To further complicate matters, a mixture model nmprporate many sub-copulas, with
many different parameters. Estimating these pamnsi&@ecomes very difficult as there may
also be interaction effects between the influences.

» High-Frequency Data

One method of reducing time-series error is to taigh-frequency data: instead of daily or
weekly observations, many observations are madd@er. Corrections must still be made
for volatility, but the long-term seasonal and ayal trends are not present.

» Extension to Multivariate Models

Whilst this study and many others have only focdsse bivariate copulas, the dependence
structure between financial markets is clearlya®simple as the bivariate models suggest. In
any financial market, there is a complex interact@ numerous variables to provide the
fluctuations exhibited by the data. With this innaghi another key area for investigation is the
application of multivariate statistical theory topulas - in particular, the distributions of the

multivariate goodness-of-fit statistics.

* Binning-Free Goodness-of-Fit Tests

Several authors have tried to escape the limitatiomposed upon them by the arbitrary
‘binning’ of data for the classical Pearson’s chirared goodness-of-fit tests by developing
an alternative test or statistic. One of particulate is the ‘energy’ approach proposed by
Aslan et.al (2003): they propose a test based tiperobserved cdf and the corresponding

simulated cdf, much like a Monte Carlo approachltaining critical values.
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Appendix | : Distribution Theory
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Fig 4.1 The ‘bell curve’, or standard normal pdf

1 Gaussian or Normal Distribution

Let @ denote the standard normal cdf, i.e.

®(x)=P(X < x)= J;%exp{—%sz} ds where X ~ N(07)

®,(xy)=P(X < xY<y)= J Jy ZHH p{

where (X,Y)" ~ NZ(O, (/1) "17)} andp is the coefficient of correlation between the m@md

I\JlH

_ 2
s° ZpSt t}dtds,

variablesxX andy.

2 Student t-distribution with v degrees of freedom

Let t, be the standard Student’sdf withv degrees of freedom, i.e.

C=pxex= | L{ls_} ’ ds

e | v
X y _L"’z
t,,(xy)=P(X<sxY<sy)= 1 {1+52_,2:05t+‘t2} 2 dtds
b =PbxY = || )

—00

wherep is the coefficient of correlation between the @mdvariables< andy.
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Appendix Il : Tail Dependence

The concept of tail dependence is crucial to theeheelected for a particular set of financial
data. Tail dependence measures the probabilitgiof £xtreme events, and can occur in the
upper tails, the lower tails, or both.

Dependence in the upper tail is defined to be tlbability of two extreme events ibn the
upper tails occurring jointly. We can define thss a

A

eper =M [Pr{y > R @)1 X 2 B2 )

For continuous random variables, this expressi@gisvalent to

[1— 2u +C(u,u)}

Aupper - lL!';nl

1-u
We can define lower tail dependence similarly:

Aower = lim lPriy < Rt (u) | X < Ftqu))]

The tail dependency depends only upon the underigapula, not the marginal distributions.
Importantly, the Gaussian copula has asymptoticatlepdendent tails, while the Student’s t-
distribution has asymptotically dependent tails. entioned before, the Gumbel copula
exhibits upper tail dependence while the Claytgouta exhibits left-tail dependence.

Since the majority of financial data displays sotag dependency, the t-copula and the
Archimedean copulas may better describe the abtkaviour of financial markets.
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