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Abstract Connected operators filter images by selectively altering the intensity
of connected sets of pixels, without introducing new image contours.
While in algebraic terms, connected operators are defined as operations
in lattices of functions, and have generally been formulated on a deter-
ministic basis, they also correspond to hierarchical agglomerative clus-
tering algorithms, which are known to have well defined probabilistic
formulations. In this paper, we argue that a probabilistic approach both
generalizes existing connected operators and allows for new designs. In
particular, we introduce an operator based on the development of mod-
els of visual similarity among image regions, and sequential Maximum
a Posteriori (MAP) binary classification. Experimental results show
that such operator is useful for content-based simplification of image
collections and videos.
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1. Introduction
Connected operators [16] are non-linear filters that transform an image by
changing the intensity of connected sets of pixels of constant color, called flat
zones. The flat zones of an image induce a partition of its support. A con-
nected operator coarsens such partition without introducing any new intensity
discontinuities. This characteristic makes connected operators attractive for
applications in which contour preservation is necessary, like image simplifica-
tion and segmentation [19], [4], [8], [13], [10], [15]. In particular, content-based
image and video applications, as discussed in the MPEG-7 standard, deal with
visual content at the region and object levels, and would then be benefitted by
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the development of techniques to generate compact region-based image repre-
sentations [2], [17].

As an algorithm, a connected operator consists on two transformations: (i)
merging and (ii) re-coloring of an image flat zones [16], [11]. However, the
definition of connected operator does not specify the mechanisms by which
the colors of an image and its flat-zone partition should be modified. Dif-
ferent classes of operators have been proposed either by imposing theoretical
properties (extensiveness, idempotence, increasingness), or by designing them
to perform a particular function (filtering of small, elongated, or dark/bright
regions).

With a few exceptions [18], connected operators have been formulated in
deterministic terms. In this paper, we argue that the introduction of probability
models in the design of connected operators is useful both to generalize existing
formulations and to define new designs [1], [3], [6]. In particular, we introduce
an operator based on the formulation of hierarchical clustering as a sequential
binary classification process, and on the development of statistical models of
visual similarity among image regions. Its performance is illustrated on image
collections and video sequences.

The paper is organized as follows. Section 2 reviews a general methodology
to implement attribute-based connected operators. A probabilistic view of it is
suggested in Section 3. Section 4 extends such concept to propose an operator
based on sequential binary MAP classification. Our formulation requires the
selection of a feature space, and the specification of class-conditional and prior
distributions. The details are described in Section 5. Section 6 presents results
on images and videos. Section 7 provides some final remarks.

2. Attribute-based connected operators

This class of operators transform images using criteria of the style “given a
certain order, merge and re-color all flat zones whose ListOfAttributes ∼
ListOfParameters”, where ∼ denotes a relation (i.e., ≤, ≥, =) and the at-
tributes are measures of region size (area, or length of convex hull), shape
(geodesic distance, eccentricity) [19], [4], [10], or other non-geometric features
(color, motion, contrast, entropy) [8], [15]. A general merging strategy to im-
plement attribute-based connected operators was proposed in [8], and requires
three elements for its specification: a region model, which represents the at-
tributes of each flat zone; a merging order, which defines the order in which
two zones will be used as candidates for merging; and a merging criterion to
decide whether the selected zones should be merged. The filtering process ad-
mits several variations, but it is also based on three steps: the generation of
a region-based image representation, the construction of the merging sequence
that results of the merging procedure, and the reconstruction of the image from
the region-based representation. A filtered image consists of all the remaining
region models, thus eliminating all components that were previously merged.
The operators can be efficiently implemented with the use of adjacency graphs
and hierarchical queues [8]. Two examples are shown in Fig. 1. Recent alter-
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natives consist of the generation of the merging sequence until idempotence,
followed by tree pruning [15].

a b c

Figure 1. (a) Giraffe. (b-c) Filtered images with area connected operator. All
components with area less than (b) 100 and (c) 1000 pixels, are removed. The merging
order depends on both area (minimum size) and intensity (color difference) attributes.

In the described approach, the specification of the merging order and the
merging criterion, which defines the rules for filtering are often based on ex-
perience, and can be hard to specify. An alternative to encode the a priori
knowledge of the problem consists on the use of probability models [6].

3. A probabilistic view of attribute-based connected operators
Hierarchical agglomerative clustering algorithms based on probability models
are increasingly used in pattern recognition [1], [3], [6]. The simplest algorithm
consists of a sequential binary classifier, which at each step chooses a pair of
regions and decides whether they should be merged according to a probability
model and Bayesian decision theory [6]. Let Ri and Rj denote the i-th and j-th
regions of an image, and let E be an r.v. that indicates whether such regions
belong to the same final component,

E =
{

1 if Ω(Ri) = Ω(Rj)
0 otherwise, (1)

where Ω(Ri) is the component that contains Ri. The MAP criterion estab-
lishes that given some knowledge about the world I, and a realization xij of X
(representing the features extracted from Ri and Rj), the value of E that must
be selected is

E∗ = argmax
E

Pr(E|x, I), (2)

where Pr(E|x, I) is the posterior probability mass function. By Bayes’ rule,

p(x|E = 1, I) Pr(E = 1|I)
H0
<
>
H1

p(x|E = 0, I) Pr(E = 0|I), (3)

where p(x|E , I) are the class-conditional probability density functions of the
observed features, Pr(E|I) are the priors of E , and H1 (resp. H0) denotes the
hypothesis that the pair of regions should be merged (resp. not merged).

Attribute-based connected operators have a straightforward formulation in
these terms. The area operator described in [8], which removes all regions that
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are smaller than an area parameter λ, can be used as an example. The merging
criterion states that two regions have to be merged if at least one of them is
smaller than λ. Let xij = (|Ri|, |Rj |), denote the areas of regions Ri and Rj .
If we model the class-conditional pdfs by

p(x|E = 0, λ < |E|/2) =
{ 1

|∆λ| if x ∈ ∆λ

0 otherwise,
(4)

p(x|E = 0, λ ≥ |E|/2) = δ(|Ri| −
|E|
2

, |Rj | −
|E|
2
), (5)

p(x|E = 1) =
{ 1

|∆c
λ|

if x ∈ ∆c
λ

0 otherwise,
(6)

where ∆λ, and ∆c
λ denote the regions shown in Fig. 2, |E| denotes the area

of the entire image support, and if we further assume non-informative priors,
then Eq. 3 implements the merging criterion as specified in [8]. Furthermore,
the specification of a merging order and a region model are responsible for
the particular re-coloring operation. Furthermore, other attribute-based con-
nected operators admit a similar reformulation, with multivariate distributions
representing multiple attributes [4].

Figure 2. Support for class-conditional pdfs for area connected operator. The two
cases correspond to λ ≤ |E|

2
, and λ > |E|

2
. In the former case, ∆λ = {x ∈ R2 such

that min(|Ri|, |Rj |) > λ and |Ri|+ |Rj | ≤ |E|}, so |∆λ| = (|E|−2λ)2/2. In the latter
case, ∆λ = ∅.

4. Connected operators based on sequential MAP binary
classification

We propose to build operators for which both the merging criterion and the
merging order are model-based, by sequentially evaluating the pair of connected
regions that yield the largest binary classification likelihood ratio,

L =
p(x|E = 1, I) Pr(E = 1|I)
p(x|E = 0, I) Pr(E = 0|I) , (7)

merging whenever L ≥ 1, updating the region-based representation, and it-
erating the process until H1 in Eq. 3 is not longer valid for any pair of connected
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regions. This greedy, sub-optimal merging strategy does not require heuristic
parameter determination, and bears similarity to the Highest Confidence First
(HCF) method used in Bayesian image analysis [5]. Implementation details of
the methodology can be found in [9].

Some properties of this class of operators can be established.

Property 1 Let φ : Fun(·) → Fun(·) denote a connected operator based on
sequential MAP binary classification, and Fun(·) denotes a complete lattice
of multi-valued functions. Then φ is (i) idempotent, (ii) not-invertible, (iii)
not injective, (iv) neither increasing nor decreasing in general, and (v) neither
extensive nor anti-extensive in general.

5. Probability Models
The reformulation of filtering as a sequential binary classification problem re-
quires the determination of a useful feature space, and the selection of models
for the distributions. In the first place, multivariate features defined on pairs
of regions could represent regional differences of color, texture, and other at-
tributes [9]. In the second place, a parametric representation is often accurate
for feature spaces of low dimension [6].
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Figure 3. (a) Giraffe. (b) Scatter plot for the 3-D color two-class model. A random
sample of 300 vectors from each class is displayed. Intra-object and inter-object
feature vectors are represented by light and dark gray circles, respectively.

5.1 Generating data

The described methodology is useful whenever training data are available. This
is usually the case of video sequences or image databases, where a subset of
images could be used to learn the models, and subsequently used to filter an
entire video or a set of still images of similar content [17]. An example is shown
in Fig. 3(a). The scene has been manually partitioned into two objects (fore-
ground/background). To investigate the behavior of visual similarity among
pairs of regions, a fine image partition was generated, and the mean RGB value
of each region was computed. Then, the RGB difference between every pair
of regions belonging to the same object and located within a spatial window
was computed. The same procedure was repeated for pairs of regions that do



406 Gatica-Perez, D. et al

not belong to the same object. Fig. 3(b) shows a random sample of intra-
and inter-object feature vectors, labeled with light and dark gray, respectively.
More elaborate features would provide higher discrimination.

5.2 Modeling Likelihood Functions with Mixture Models

The full joint class-conditional pdfs of the observed features are represented by
a multivariate Gaussian mixture model,

p(x|E ,Θ, I) =
NE∑
i=1

ωip(x|E , θi, I), (8)

where NE is the number of components in each mixture, ωi denotes the
prior probability of the i-th component, p(x|E , θi, I) = N (µi,Σi) is the i-th
d-dimensional Gaussian with full covariance matrix, parameterized by θi =
{µi,Σi},

p(x|E , θi, I) =
1

(2π)d/2|Σi|1/2
e−

1
2 (x−µi)

T Σ−1
i (x−µi), (9)

and Θ = {{ωi}, {θi}} represents the set of all parameters. The Expectation-
Maximization (EM) algorithm constitutes the standard procedure for Maxi-
mum Likelihood estimation (ML) of a set of parameters [12]. EM is useful for
a broad range of problems where the observed data is in some sense incomplete.
In the case of a Gaussian mixture, the incomplete data are the unobserved mix-
ture components, with prior distribution {ωi}. EM is based on increasing the
conditional expectation of the log-likelihood of the complete data given the
observed data by using an iterative hill-climbing procedure.

Additionally, model selection can be automatically estimated using the Min-
imum Description Length (MDL) principle [14], by choosing

N∗
E = argmax

NE
(logL(Θ|X̃)− nNE

2
logN), (10)

where L(·) denotes the likelihood of the training set, N is the number of
training vectors, X̃ is the training set, and nNE is the number of model param-
eters,

nNE = (NE − 1) +NEd +NE
d(d + 1)

2
. (11)

When two models fit the data in a similar way, the simpler model is chosen.

5.3 Modeling of Priors

In the Bayesian approach, the prior probability mass function Pr(E|I) encodes
the previous knowledge or belief about the merging process characteristics [6].
The simplest assumption is a uniform prior, Pr(E = 0|I) = Pr(E = 1|I), and
it has been used in the results presented in the next section. Note that priors
themselves could also be ML-estimated from data, although in strict terms,
this technique does not conform the Bayesian principle [6].

6. Results
Fig. 4 illustrates the performance of the proposed methodology for the Giraffe
image. Using the regional mean in RGB space as region model, and training
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data as described in Section 5, the EM-estimated mixture pdfs consist of six
components for each class. After a post-processing stage that sieves small iso-
lated components, the filtered image has been nicely simplified while preserving
the major object segments. Of course, the generalization of the learned model
to a different set of images is more interesting. Fig. 4 shows the results ob-
tained on two images of somewhat similar color content, using the color model
generated for Giraffe. The operator has simplified the images, significantly
reducing the number of flat zones, but capturing the main components.

Figure 4. Left column: Giraffe, Squirrel, and Tiger images. Center column: Filtered
images with model-based connected operator, based on the models estimated for
Giraffe (24, 52, and 70 flat zones, respectively). Right column: Flat-zone partitions
of filtered images.

Another example is shown in Fig. 5 for the Zebras image set. One single
image was used for training, defining the median in RGB space as region model.
The operator has simplified the images based on the characteristics of the
probability models, and produced a small number of perceptually meaningful
regions.

The methodology is also suitable for video filtering. Fig. 6 shows results for
the Bream sequence. The mixture models (eight and six Gaussian components
for each class, respectively) were estimated from the first frame, and then used
to filter the entire sequence. Similar results were obtained. A final example on
the Kid sequence, extracted from a home video database, is shown in Fig. 7.
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Figure 5. First and second row: Zebras. The top-left frame was partitioned into
foreground/background, and used to estimate model parameters. Third and fourth
row: Filtered images with model-based connected operator (18, 19, 19, 19, and 70
flat zones, respectively).
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Although imperfect in terms of highly accurate segmentation, we believe that
the filtered images, composed of a small number of visually coherent regions,
could be used as a region-oriented image representation in a content-based
system for indexing and retrieval of visual information [2], [17]. Furthermore,
we expect that the use of better features would improve the performance.

Figure 6. Top row: Bream image sequence, frames 0, 115, 134, and 193. The
first frame was partitioned into foreground/background, and used to estimate model
parameters. Center row: Filtered images with model-based connected operator (11,
9, 10, and 11 flat zones, respectively). Bottom row: Flat-zone partitions of filtered
images.

7. Concluding remarks

This paper presented a methodology to design attribute-based connected opera-
tors using probability models. Based on a reformulation of previous approaches,
we introduced an operator based on sequential Maximum a Posteriori (MAP)
binary classification. The results suggest that, when a scene contains distinctive
objects whose variability can be captured by the models, the proposed operator
is effective to simplify images and sequences on a content-based fashion.

The operator presented here is one out of a whole class of connected opera-
tors that could be designed with the use of probability models [3], [6]. On one
hand, approximations to global classification represent alternatives to the local
classification concept described in this paper [7]. On the other hand, a compar-
ative study between these techniques and parallel classification strategies [2] is
worth it to be performed. Both issues constitute current lines of work [9].
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Figure 7. Top row: Kid home video sequence, frames 0, 140, 180, and 200. The
first frame was partitioned into foreground/background, and used to estimate model
parameters. Bottom row: Filtered images with model-based connected operator (27,
32, 40, and 21 flat zones, respectively).
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