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Abstract  This report sheds some new light on an old and trusted tool in the
image processing toolbox. The Kuwahara-Nagao operator is known as
an edge preserving smoothing operator.

This report shows that we don’t need to trust our intuition to verify
this claim but that it follows from basic principles. To that end we will
first cast the classical Kuwahara-Nagao operator into a more modern
framework using Gaussian convolutions to calculate the mean and vari-
ance of local image patches and using morphological flow fields to select
mean value of the neighborhood that has minimal variance.

The main result of this report is the formulation of the PDE whose
solution is equivalent to the iteration of a Kuwahara-Nagao operator
using infinitesimally small neighborhoods. The resulting PDE is a com-
bination of linear diffusion and morphological sharpening.
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1. Introduction

The classical Kuwahara operator [1] uses four neighborhoods of a point (k, 1) on
the sampling grid as depicted in Fig. 1. Within each of the neighborhoods both
the mean and variance are calculated. The mean of the neighborhood that has
the lowest variance is taken as the new value for the point (k,1). The Nagao
[2] operator uses all 3 x 3 neighborhoods that fit within a 5 x 5 neighborhood.
Extensions to larger neighborhoods can be found in literature. In Fig. 2 some
examples of the Kuwahara-Nagao operator are shown.

Schulze and Pearce [3] describe the Kuwahara operator within the frame
work of what they called the value-and-criterion filter structure. They also
noted the link with morphological operators. Their operator structure is the
starting point in defining morphological flow fields in Section 2 and generalizing
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Figure 1. Kuwahara Image Operator. The new value of the central pixel is
calculated as the mean of the region (one of the 4 depicted regions) that has minimal
variance.

the Kuwahara-Nagao operator to work with Gaussian convolutions instead of
uniform convolutions (see Section 3).

For the modern eye the result of the Kuwahara-Nagao operator is remi-
niscent of the result obtained with sharpening-smoothing operators that are
well-known since the introduction of PDE based image operators. Sharpening-
smoothing PDE controlled image evolution processes date back to the sixties
(see Gabor [4] and Lindenbaum et al. [5] ). There is a lot of modern literature
on the subject too (see [6, 7, 8, 9, 10]). In Section 4 we show that the gener-
alized Kuwahara-Nagao operator as introduced in Section 3 is equivalent to a
smoothing-sharpening PDE operator in the limit case of infinitesimally small
scale (of the Gaussian kernels involved and of the erosion structuring element).

2. Morphological Flow Fields

Consider the erosion operator € in the function space Fun(E,V). It has been
shown [11] that any erosion € in Fun(E, V) (with an ordering that is defined
in V and ‘lifted’ to Fun(F,V')) can be written as:

c(N)@) = N\ eyalf®),
yeE

where e, , is a two parameter family of erosions in the complete lattice (V, <).

Given the above representation of the erosion € we define the erosion flow
operator € to result in the flow field that at each position defines the relative
vector pointing to (one of) the points where the infimum is attained.

Definition 1 (Erosion Flow) The erosion flow is defined as the vector field:

€e(f)(z) = —z + arg ylgg ey (f(y))-

Note that the there need not be a unique point where the infimum is attained.
In practice the flow is calculated by taking an arbitrary element of the set of
minimizing vectors.

With the flow operator it is of course possible to calculate the erosion itself:

e(f)(@) = fz +&(f)(@)).

The flow operator is not new in morphology. The criterion calculation in the
value-and-criterion operator structure of [3] is essentially the erosion flow op-
erator. Also in the formulation of h-adjunctions, Goutsias and Heijmans [12]
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use the erosion (and dilation) flow operators (although they do not explicitly
specify them as flow field operators).
In the theory of h-adjunctions an h-erosion is constructed as:

e(f)(@) = f(x + eh(f))(z)),

where h is a mapping from the range V of the image f : E — V to a new range
V'. The usefulness of this theory lies in the fact that V need not be a com-
plete lattice (and thus does not permit the construction of ‘real’ morphological
operators). As long as there exists a semantically meaningful mapping from
V onto a complete lattice V' we are able to define h-morphological operators.
It is not morphology in the classical sense, but several important properties
from the complete lattice framework carry over to the theory of A-morphology,
including the construction of h-openings and h-closings.

It should be noted that in our use of morphological flow operators the im-
age operators that are used are not range operators; they are spatial image
operators. The h-morphology theory (and using the flow to define practical h-
erosions and h-dilations) is therefore not directly applicable for our purposes.
In this report we do not pursue this matter any further.

3. The generalized Kuwahara-NNagao operator

The Kuwahara-Nagao image operator is based on the ability to calculate mean
and variance of local image patches.

Definition 2 (Mean and Variance Operators) The mean p.,(f) of a local
image patch is calculated with a convolution

o (f) = fxw,

where w is a smoothing convolution kernel. The local variance o(f) is also
calculated using convolutions:

aw(f) = f2rw— (f xw)?

The classical Kuwahara-Nagao operator (see Fig. 2 for some examples) can
then be formulated using the erosion flow defined in the previous section:

Definition 3 (Kuwahara-Nagao operator) The classical Kuwahara-Nagao
filter uses uniform square kernels of size p for the mean and variance calcu-
lations and the same neighborhood for to calculate the erosion flow. If we set
uf to be the uniform convolution kernel and pU to be the square structuring
element of the same size then:

£()(@) = pur () (@ + Eu (our (f))(@)).

We can improve the results using a Gaussian convolution kernel instead of
a uniform kernel. The Gaussian kernel is defined by:

1 _ =)
2p

g’ (x) = We )
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Figure 2. Kuwahara-Nagao Operator. On the first row from left to right:
original image, K-N (3x3), K-N (7x7). On the second row the same layout but now
we have added some noise to the original.

where D is the dimensionality of the image domain. The square structuring
element used to calculate the erosion flow field, is replaced by a disk of radius
p (i.e. the set pB). This leads to:

Definition 4 (Gaussian Kuwahara-Nagao operator)
K()(x) = pge (f)( + Ep(age(f))(2))- (1)

Comparing the results of the Gaussian K-N operator in Fig. 3 with the classical
operator, we see that the Gaussian version shows more smooth results. The
shape artifact as can be observed in the result of the classical K-N operator are
less pronounces in the result of the Gaussian K-N operator.

4. A PDE formulation of the Kuwahara-Nagao
operator

In order to link the G-K-N operator with modern edge preserving (and even
edge enhancing) operators we will consider the case that the scale of smoothing
is taken infinitesimally small. Iterating the resulting ‘infinitesimal operator’
results in an image evolution process that satisfies the G-K-N partial differential
equation (PDE).

A first step in a PDE formulation of the Gaussian Kuwahara-Nagao operator
is to look at €,p for p — 0.
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Original

G-K-N (2)

Figure 3. Gaussian Kuwahara-Nagao Operator. On the first row from left to
right: original image, G-K-N (1), G-K-N (2) (the number in parentheses is the scale
of the Gaussian kernel). On the second row the same layout but now we have added
some noise to the original.

Proposition 5 For p — 0 and for almost everywhere differentiable images h
we have:

S Vh
&p(h) = —PW‘

The proof is simple: a smooth function h locally can be approximated as a
planar patch and within a disk of radius p such a function attains its maximal
value on the boundary of the disk in the opposite gradient direction.

The next proposition that we need in the main theorem of this section is
that for p — 0 a Gaussian smoothing amounts to the addition of the Laplacian.

Proposition 6 For p — 0 we have:

tgves(f) = [+ pV2 .
This is of course a well-known fact in linear scale-space theory: the Laplacian
operator is the infinitesimal generator of the Gaussian scale-space. For the

variance operator ¢ this leads to:

Proposition 7 For p — 0 we have:

0gvar(f) = 20V 1%
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Proof: From the definition of the variance operator we have:

o,z (f) = f2a gV — (f x gV?P)?
= P+ eV = (f+pVPf)?
= p(V2f2=2fVf—p(V?f)?).

The last term in the above equation is quadratic in p and thus can be neglected
in first order. Thus:

o (f) = p(V2f*—2fV)

p2IVFI?+2fV2f —2fV?f)
= 29|V £

]
Prop. 7 shows that the squared gradient norm is proportional to the local
variance of the luminance observations.

Now we are in a position to look at xf (as defined in Eq. 1) for the case
that p — 0. We take the resulting operator as the ‘infinitesimal generator’
of a family of images F(z, p) with initial condition F(z,p = 0) = f(z). We
slightly change the G-K-N operator to allow for different scales in the mean
and variance operators on the one hand and in the erosion flow operator:

w(F) (@) = pgvm (F)(@ + Enpplogvas () (@) (2)

Here the A\ positive scalar defines the balance between the scale of the linear
operators and the scale of the erosion flow operator. The reason for this change
will become clear later on. Also note that we have re-parameterized the scale
of the Gaussian kernel to obtain the smoothing operator that is a linear addi-
tive semi group (just as the erosion €,p is a linear additive semi group under
iterations).

Theorem 8 (Kuwahara-Nagao PDE) [lterating the Gaussian Kuwahara-
Nagao operator (Eq. 2) in the limit for p — 0 results in a one-parameter family
of images F(x, p) that satisfies the PDE:

oF VFTHVF
— =V F A 3
o A ®)

Proof: From the definition of the G-K-N operator we have:
() (@) = pgvas () (@ + Explogvas ())(2)).

First we use Prop. 5 to write:

V(o v () ()
PN (oyve (1) @)]]

A first order Taylor expansion is allowed (p — 0) and results in:

Viogvm (f) - Vpgvz (£))
IV (ogvas ()

K(F) () = pgves(f) (@ — A )-

K(F) = tge () = Ap
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From now on we omit the argument z as it is the same for all functions involved.
Then we can use Prop. 6 and Prop. 7 and rewrite the above into:

vHT V(||Vf||2)>
VANV AR )7
where we have neglected the term in p?. Note that V(||V f||?) = 2H;V f where
Hy is the image Hessian. This finally leads to
() —F _ v2f )\(Vf)THf(Vf)
p I1H;V 1l

The operator x, in the limit p — 0, when iterated defines a one parameter
family of images F (-, p) that satisfies the PDE:

F»(f)—f=p<V2f—A

oOF VFTHzVF
— =VF A
dp [HFVF|

]
Eq. 3 shows that the G-K-N PDE is build from two parts. The first one, V2F,
is easily interpreted as the linear diffusion term, i.e. a smoothing term. The
second term has an edge sharpening effect. This is harder to interpret from the
algebraic form given in theorem 8. The sharpening term is easier to interpret
in case we rewrite it in terms of the gradient gauge. Subscript w traditionally
denotes a derivative in the direction of the gradient and v is the derivative in
the perpendicular direction.

Corollary 9 In the gradient gauge the G-K-N PDE is given by:

%—f = vrp o) 2] (F;”j) For.
g 1+ 72,

The proof is simple when we realize that F, = 0. We can go one (qualitative)
step further and rewrite the above expression using the fact that the flow line
curvature is given by ¢y = —F,/Fw. Then in those places in the image of
zero flow line curvature we arrive at:

Corollary 10 In the gradient gauge and for the locations with low (zero) flow
line curvature, the G-K-N PDE is given by:

_—= V2.7: — >\Sign (\T.ww) Fuw- (4)

Now the term —sign (Fyu)Fw can be recognized as a edge enhancing term.
This term on its own (i.e. without the smoothing term) is well-known for its
sharpening properties. The Kramer (see [13]) morphological sharpening oper-
ator is the finite size discrete implementation of this sharpening PDE.

Discretizing the diffusion term in the PDE in Eq. 4 is easy. The simplest
finite difference scheme is:

(V2F)ij = Figr + Fiorg — 4Fij + Figrg + Fijor.
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Discretization of the sharpening term is more difficult. In classical numerical
schemes to solve these types of PDE’s the up-wind schemes are used. In [14] we
have shown that the term —sign (F,.,) F corresponds with an erosion in case
Fuww > 0 and a dilation in case F,,,, < 0. Sub-pixel erosions and dilations based
on an interpolation within a 3 x 3 neighborhood (using only the 4 connected
neighbors of the central pixel) are given in [14]. For the dilation a simple
scheme is:

(+Fw)ij = /(D2 F v DfEF)? + (D ' F v DIV F)?,

where

Fic1j = Fij

Firq i —F: -
—rr ‘oo _ i+l — S
D fF=0V L DffF=0v .

T

For the y-direction the schemes are equivalent. The choice of one of the above
schemes is on a per pixel basis depending on the sign of F,,.

Original G-K-N PDE (10) G-K-N PDE (25)
FIFF T F T 4

Original + Noise G-K-N PDE (10) G-K-N PDE (25)
AT o o

a

Figure /. Kuwahara-Nagao PDE Operator. On the first row from left to right:
original image, G-K-N PDE (10), G-K-N PDE (25). The value between brackets is
the number of iterations. On the second row the same layout but now we have added
some noise to the original.

In Fig. 4 numerical solutions of the G-K-N PDE (Eq. 4) are shown.

5. Conclusions

In this report we have shown that the Kuwahara-Nagao image operator can be
cast in a PDE controlled image evolution process. The resulting PDE combines
the linear diffusion (i.e. Gaussian smoothing) with morphological sharpening.
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The results of the classical K-N operator and the newly formulated PDE
evolution are qualitatively comparable. The main differences are:

— The PDE results are smoother than the classical implementations based
on finite size neighborhoods.

— The PDE operator tends to preserve small details better the classical
implementation.

The analysis in this report sheds some new light on an old and trusted tool
in image processing. The Kuwahara-Nagao operator is known as an edge pre-
serving smoothing operator. This report shows that we don’t need to trust on
our intuition to understand this claim but that it follows from basic principles,
i.e. the combination of linear diffusion and morphological sharpening.
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